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Abstract — This report is an improvement of a prior report (Report 813). It sharpens
the principal theorems (Theorems 4.2 and 11.2 of Report 813) while simplifying their proofs.
There are also several minor changes involving clarifications and corrections of misprints.

The Abstract of the prior report remains the same as follows: The galaxies of the non-
standard enlargements of connected, conventionally infinite graphs as well as of connected
transfinite graphs are defined, analyzed, and illustrated by some examples. It is then shown
that any such enlargement either has exactly one galaxy, its principal one, or it has infinitely
many galaxies. In the latter case, the galaxies are partially ordered by their “closeness”
to the principal galaxy. If an enlargement has a galaxy different from its principal galaxy,
then it has a two-way infinite sequence of galaxies that are totally ordered according to that
“closeness” property. There may be many such totally ordered segences.

Key Words: Nonstandard graphs, enlargements of graphs, transfinite graphs, galaxies

in nonstandard graphs, graphical galaxies.

1 Introduction

In this work we extend the idea of galaxies in the hyperreal line *R to nonstandard en-
largements of conventionally infinite graphs and also of transfinite graphs. We stipulate
henceforth that every graph considered herein is connected. Since graphs have structures
much different from that of the real line R, the enlargements of graphs have properties not
possessed by "R. The graphical galaxies of those enlargements comprise one aspect of that
distinctive complexity. We will show that that any such enlargement has either one galaxy

or infinitely many of them. Moreover, just as *R contains images of the real numbers,



called the standard hyperreals, as well as hyperreals that are nonstandard, so too may the
enlargement "G of a graph G contain “hypernodes,” some of which are images of nodes of G
and others of which are nonstandard hypernodes. In addition, there are “hyperbranches”
incident to pairs of hypernodes; some of these hyperbranches are images of branches of G,
but there may be others that are not.

The galaxies graphically partition "G in the sense the every hypernode belongs to exactly
one galaxy, and so too does every hyperbranch. There is a unique galaxy, which we refer to
as the “principal galaxy,” that contains the standard hypernodes and possibly nonstandard
hypernodes as well. In the event that there are infinitely many galaxies, those galaxies are
partially ordered according to how “close” they are to the principal galaxy. In fact, if there
is a galaxy different from the principal galaxy, then there is a two-way infinite sequence
of galaxies that are totally ordered according to their “closeness” to the principal galaxy.
There may be many such totally ordered sequences, but a galaxy in one such sequence may
not be comparable to a galaxy in another sequence according to that “closeness” property.

We speak of “conventionally infinite” graphs to distinguish them from transfinite graphs
of ranks 1 or higher [5, Chapter 2], [6, Chapter 2]. Sections 2 through 4 herein are devoted
to the enlargements of conventionally infinite graphs. The results for such enlargements
extend to enlargements of transfinite graphs, but in more complicated ways. We show this
in Sections 5 through 11, but only for transfinite graphs of rank 1. Results for transfinite
graphs of still higher ranks are obtained similarly but in still more complicated ways and
with additional complexity in the symbols. For the sake of brevity, the latter results are
not included herein, but they may be found in [7] as well as in the archive www.arxiv.org
in the category “mathematics” under “Zemanian.”

Our notations and terminology follow the usual conventions of nonstandard analysis.
N = {0,1,2,...} is the set of natural numbers, and *IV is the set of hypernaturals. The
standard hypernaturals are (i.e., can be identified with) the natural numbers. Also, (an) or
(an:n € N) or (ag,a1,as,...) denotes a sequence whose elements can be members of any
set, such as the set X of nodes in a conventional graph G = {X, B}, where B is the set of

branches, a branch being a two-element set of nodes. On the other hand, [a,] denotes an



equivalence class of sequences, where two sequences (a,) and (b,) are taken to be equivalent
if {n:a, = b,} € F, where F is any chosen and fixed free ultrafilter.! F will be so fixed
throughout this work. The a, appearing in [a,] are understood to be the elements of any
one of the sequences in the equivalence class. At times, we will use the more specific notation
[(ao, a1, a2, ...)]. More generally, we adhere to the notations and terminology appearing in
[3].

The ordinals are denoted in the usual way: w is the first transfinite ordinal. With 7 € IV,

the product w - 7 is the sum of 7 terms, each being w.

2 The Nonstandard Enlargement of a Graph

Throughout Sections 2 to 4, we assume that the conventionally infinite graph G is connected
and has infinitely many nodes. The definition of a nonstandard graph that we use herein is
given in [6, Section 8.1], a special case of which is the “enlargement” of a graph G.

Let us define the enlargement *G of G here as well in order to remove any need for
referring to [6]. G = {X, B} is now taken to be a conventional connected graph having an
infinite set X of nodes and therefore an infinite set of branches as well, each branch being
a two-element set of nodes. Thus, there are no parallel branches (i.e., multiple branches).
F will denote a chosen and fixed free ultrafilter. x = [z,] denotes an equivalence class
of sequences of nodes as stated in the Introduction. Specifically, [z,] and [z/] are in the
same equivalence class x if {n: z, = z},} € F. x will be called a hypernode.> Thus, the
set of all sequences of nodes from G is partitioned into hypernodes. *X denotes the set of
hypernodes. If all the elements of one of the representative sequences (z,,) for a hypernode
X = [z,] are the same node (i.e., z, = z for all n), then x = [z] can be identified with z;
in this case, x is called a standard hypernode. Otherwise, x = [z,] is called a nonstandard
hypernode.

We turn now to the definition of a “hyperbranch.” Let x = [z,] and y = [y.] be two
hypernodes. Also, let b = [{zn, yn}], where.({z,, y»}) is a sequence of pairs of nodes from G

such that, for almost all n, {z,,y.} is a branch in Gj; that is, {n: {z,,y.} € B} € F. It can

! Also called a nonprincipal ultrafilter.
2Our terminology should not be confused with that of a hypergraph—an entirely different concept [2].



be shown [6, page 155] that this definition is independent of the representative sequences
(z,,) and (y,) chosen of x and y respectively and that we truly have an equivalence relation
for the set of all sequences of branches from G. We let b = [{z,,yn}] denote such an
equivalence class and will call it a hyperbranch; we write b = {x,y}. Also, *B will denote the
set of all hyperbranches. If x = [z,] and y = [y,] are standard hypernodes, then b = [{z, y}]
is called a standard hyperbranch. Otherwise, b is called a nonstandard hyperbranch.

Finally, the pair *G = {*X, *B} denotes the enlargement of G. It is a special case of a
nonstandard graph, as defined in [6, page 155).3

3 Distances and Galaxies in Enlarged Graphs

The length |P;,| of any path P,, connecting two nodes z and y in a graph G is the
number of branches in P, . The distance d(z,y) between z and y is d(z,y) = min{| P, 4|},
where the minimum is taken over all paths terminating at z and y. In the trivial case,
d(z,z) = 0. d satisfies the triangle inequality, namely, for any three nodes z, y, and z in G,
d(z,y) < d(z,z) + d(z,y). In fact, d satisfies the other metric axioms, too, and the set X
of nodes in G along with d is a metric space.

The metric d can be extended into an internal function d mapping the Cartesian product
*X x *X into the set of hypernaturals *IV as follows: For any x = [z,] and y = [y,] in *X,
d is defined by

d(x,y) = [d(zn,ys]) € "IV.
By the transfer principle, we have, for any three hypernodes x, y, and z,
d(x,z) < d(x,y) + d((y,2). (1)
From the point of view of an ultrapower construction, this means that
{n:d(zn,2a) < d(zn,yn) + d(yn, 22} € F.

The other metric axioms, such as d(x,x) = 0, are obviously satisfied by d.

®If G were a finite graph, then every hypernode (resp. hyperbranch) could be identified with a node
(resp. branch)in G, and *G would be identified with G.



We define the “galaxies” of *G as nonstandard subgraphs of *G' by first defining the
“nodal galaxies.” Two hypernodes x = [z,] and y = [y,] are taken to be in the same nodal
galazy T of *G if d(x,y)is no greater that a standard hypernatural k, that is, if there exists
a natural number k € IV such that {n: d(z,,y,) < k} € F. In this case, we say that x
and y are limitedly distant, and we write d(x,y) < k.

Let Nxy be the set of all standard hypernaturals that are no less than d(x,y). Nxy is
a well-ordered set, and therefore it has a minimum kyy. So, we can say that x and y are
in the same nodal galaxy Iif d(x,y) = kxy-

Lemma 3.1. The nodal galazies partition the set *X of all hypernodes in *G.

Proof. The property of two hypernodes being limitedly distant is a binary relation
on *X that is obviously reflexive and symmetric. Its transitivity follows directly from (1).
Alternatively, we can use an ultrapower argument. Assume that x = [z,] and y = [2y]
are in some nodal galaxy and that y and z = [z,] are in some nodal galaxy; we want to
show that those galaxies are the same. There exist two standard natural numbers k; and
ks such that Nyy = {n: d(zn,yn) < k1} € F and Ny = {n: d(yn,2) < k2} € F. Since
d(Zn; 2n) < d(2n,yn) + d(yn, 1),

{n:d(2n,2,) <k1+ks} 2 NyyNNy, € F.

So, the left-hand side is a set in F. Thus, x and z are limitedly distant, too, and x, y, and
z are all in the same nodal galaxy. O

We define a galazy I' of *G as a maximal nonstandard subgraph of *G' whose hypernodes
are all in the same nodal galaxy I'; that is, the hyperbranches of T corresponding to I' are
all those pairs {x,y} such that x,y € I". We will say that a hypernode x is in T when x € T’
and that a hyperbranch {x,y}is in T when x,y € I. It follows from Lemma 3.1 that the
galaxies of "G partition G in the sense of graphical partitioning (i.e., each hyperbranch is
in one and only one galaxy).

The principal galazy I'y of *G is that unique galaxy, each of whose hypernodes is limitedly
distant from some standard hypernode (and therefore from all standard hypernodes). All
the nodes in G will be (i.e., can be identified with) standard hypernodes in T, but there

may be nonstandard hypernodes in I'y as well. The following examples illustrate this point.



Example 3.2. Consider the endless (i.e., two-way infinite) path:
P = ( ooy Ty B By DO Ty Ve )

with nodes z; and branches by, k € Z, Z being the set of integers. The enlargement *P of
P has hypernodes, each being represented by [z,] where (k,) is some sequence of integers.
Each hyperbranch is represented by [{z,,Zx,+1]. The nodal galaxies are infinitely many
because they correspond bijectively with the galaxies of the enlargement *Z of Z. Moreover,
the principal galaxy I'o of *P has only standard hypernodes and in fact is (i.e., can be
identified with) P itself. Also, every galaxy is graphically isomorphic to I'y and therefore
to every other galaxy. O

Example 3.3. Now, consider a one-ended path:
T = (:B[h b[h I, bls xﬁabh .. '>

Each hypernode in the enlargement *I" of T is represented by [z4,], where (k,) is some
sequence of natural numbers. Thus, *T" has a hypernode set *X that can be identified with
the set "IV of hypernaturals. Hence, *I" has an infinitely of galaxies, too. The principal
galaxy I'g of *T' is the one-ended path T. However, any hypernode x = [z%,] in a galaxy T
different from T'g will be such that, for every m € N, {n: k, > m} € F. Such a hypernode
is adjacent both to [zk,4+1] and to [zg,—;], where we are free to replace zx, _; by, say, zo
whenever k, = 0. (The set {n: k, = 0} will not be a member of F when x = [z},] is
in I'.) Thus, x = [zk,] € T has both a predecessor and a successor, which implies that
I' is graphically isomorphic to an endless path. In fact, all the galaxies other than I’y are
isomorphic to each other, being identifiable with an endless path. O

Example 3.4. Consider next the grounded, one-way infinite ladder L of Figure 1. Now,
for every k € N, d(zk,zy) = d(zk,2k+1) = 1, and, for every k,l € N with |k —1| > 1,
d(zk,2;) = 2. In this case, for every two hypernodes x and y, d(x,y) < [2] = 2. Thus, every
two hypernodes are limitedly distant from each other, which means that *L has only one

galaxy, its principal galaxy T'g. Now, Iy has both standard and nonstandard hypernodes.
O



Example 3.5. Furthermore, consider the graph G obtained from L by appending a
one-ended path P starting at z,, but otherwise isolated from L, as shown in Figure 2.
In this case, we again have an infinity of galaxies by virtue of the isolation of P from L.
The principal galaxy ' has both standard and nonstandard hypernodes, its nonstandard
hypernodes being due to L. All the other galaxies are graphically isomorphic to an endless
path (as in Example 3.3) and thus to each other, but not to G and not to I's. O

A subgraph G; of G with the property that there exists a natural number k such that
d(z,y) < k for all pairs of nodes z,y in G will be called a finitely dispersed subgraph of G.
Example 3.5 suggests that the structures of the galaxies other than I'y do not depend upon
any finitely dispersed subgraph of G. This is true in general because the nodes z, in any
representative (z,) of any hypernode in a galaxy other than I'y must lie outside any finitely
dispersed subgraph of G for almost all n whatever be the choice of that finitely dispersed
subgraph.

For instance, consider

Example 3.6. Let D; be the 2-dimensional grid; that is, we can represent Ds by having
its nodes at the lattice points (k,!) of the 2-dimensional plane, where k,! € Z and with its
branches being {(k,[),(k+ 1,1)} and {(k,1),(k,1+ 1)}. So, the hypernodes of *D, occur at
*Z x *Z. Under this representation, the principal nodal galaxy of *D, will have its nodes
at the lattice points of Z x Z.

Next, let G be a connected graph obtained from D, by deleting or appending finitely
many branches to Dj. So, outside a finitely dispersed subgraph of G, G is identical to D,.
Then the principal galaxy T'g of "G is the same as (i.e., is graphically isomorphic to) G, but
every other galaxy is the same as D,. O

In view of Examples 3.3 and 3.4, the following theorem is pertinent. As always, we
assume that G is connected and has an infinite node set X.

Theorem 3.7. Let G be locally finite. Then, *G has at least one hypernode not in its
principal galazy I'y and thus at least one galazy Ty different from T'g.

Proof. Choose any zg € X. By connectedness and local finiteness, for each n € IV, the

set X, of nodes that are at a distance of n from z¢ is nonempty and finite. Also, UX, = X



by the connectedness of G. By Konig’s Lemma [4, page 40], there is a one-ended path P
starting at 9. P must pass through every X,,. Thus, there is a subsequence (zq, z1, 22, .. .)
of the sequence of nodes of P such that z, € Xy,; that is, d(z,,z0) = n for every n. Set

x = [z,]. Then, x must be in a galaxy I'; that is different from the principal galaxy I'o. O

4 When *G Has a Hypernode Not in Its Principal Galaxy

In this section, G is connected and infinite but not necessarily locally finite. Let I'; and
I'y be two galaxies that are different from the principal galaxy I'y of *G. We shall say that
I', is closer to Ty than is T'y and that Ty is further away from Ty than is T’y if there are a
¥ = [yn) in Ty and a z = [z,] in T such that, for some x = [z,] in Ty and for every m € IV,
we have

No(m) = {n:d(zn,z) — d(yn,z,) > m} € F.

Any set of galaxies for which every two of them, say, I’y and I'; satisfy this condition will be
said to be totally ordered according to their closeness to I'y. With Lemma 3.1 in hand, the
conditions for a total ordering (reflexivity, antisymmetry, transitivity, and connectedness)
are readily shown. For instance, the proof of Theorem 4.3 below establishes transitivity.

Lemma 4.1. These definitions are independent of the representative sequences (z,),
(yn), and (z,) chosen for x, y, and z.

Proof. Let (), (y.), and () be any other such representative sequences. Then,
a5 2s) £ WZzl ) L dml) - dE T

So,

d(z:vz;) > d[zmxﬂ) = d(zm z:;) = d(:!::l, xn) = d(znaxn)
for all » in some N, € F. Also,
d(y:l?z;l) S d(y:n yn) + d(yna En) + d(xn-_- x:.-‘) = d(yn, xn)

for all » in some Ny € F. Therefore,

d(z;n x;) = d(y:n z::) 2 d(zﬂ.a xn) = d(ym xn)



for all n in N; N Ny € F. So, for No(m) as defined above and for each m no matter how
large,

{n:d(z,z}) - d(y,,z,) > m} 2 No(m)NN; NNz € F,

which implies that the left-hand side is also a set in F. This proves Lemma 4.1. O

We will say that a set A is a totally ordered, two-way infinite sequence if there is a
bijection from the set Z of integers to the set A that preserves the total ordering of Z.

Theorem 4.2. If *G has a hypernode v = [v,] that is not in its principal galazy To,
then there exists a two-way infinite sequence of galazies totally ordered according to their
closeness to Ty and with v being in one of those galazies.

Note. There may be many such sequences, and a galaxy in one sequence and a galaxy
in another sequence may not be comparable according to their closeness to I'p. Also, a
somewhat different version of this theorem with a rather longer proof can be found in the
archival website, www.arxiv.org, under Mathematics, Zemanian.

Proof. Let x = [(z,z,z,...)] be a standard hypernode in Ty. Also, let v = [v,] be the

asserted hypernode not in I'g. Thus, for each m € N,
{rrd(ay o) m} € F- (2)

Between every two nodes of a connected, conventionally infinite graph there is a geodesic
path whose length is equal to the distance between those nodes. For each n € IV, choose a
geodesic path P in G terminating at = and v,. If the natural number d(z,v,) is even (resp.
odd), there is a unique node u, in P such that d(z,u,) = d(un,v,) = d(z,v,)/2 (resp.
d(z,u,) = d(un,vy) — 1 = (d(z,v,) — 1)/2). It follows from this that, if thereis a k € N
such that {n: d(z,u,) < k} € F, then there is a k' € IN with {n: d(z,v,) < ¥’} € F,in
violation of (2). Consequently, for each m € IV, {n: d(z,u,) > m} € F. This implies that
u = [u,] is in a galaxy I, different from the principal galaxy I'o.

Furthermore, with d(z,v,) being even (resp. odd) again and with u,, being chosen as

before,

d(z,v,) — d(z,u,) = d(z,v,)/2



