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ABSTRACT
Random sequential adsorption (RSA) can be described as the s — 0 limit of an s-
species mixture of particles with a particular Hamiltonian. Here we use this mapping to
systematically derive a general theory of sequentially adsorbed systems using a liquid-state
approach. This theory generalizes the standard model of random sequential adsorption in
several basic ways. We also exploit an approach to correlation pioneered by Boltzmann,
which yields the Kirkwood-Salsburg hierarchy for the correlation functions of this model,
from which we obtain further results that include bounds on convergence for the virial
series. We further derive a Percus-Yevick type integral equations for the two-point corre-
lation function of RSA. Finally, we use the virial theorem and zero-separation theorem for

RSA to give a scaled-particle theory for this model.

1. Introduction

The adsorption of large molecules and molecular aggregates, such as polymers, col-
loids, and proteins, upon membranes and surfaces is frequently associated with a large
binding energy so that the time needed for the surface involved to become saturated with

particles is small compared to a typical desorption time. In such cases, the correlation
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functions are substantially different from those associated with equilibrium. It has been
shown to be a good approximation, at least in some cases, to use for such processes an
idealized model known as random sequential adsorption (RSA).!~'* In this model,
hard, i.e., non-overlapping particles are placed on a surface, one at a time, each in such a
way that it does not overlap those already in place. Once placed, a particle is quenched,

i.e., frozen in that location.

Previous approaches to RSA have been of two kinds. The first involves application
of ideas from kinetic theory. Evans and coworkers!! and Dickman et. al.” have developed
sets of kinetic equations to describe the RSA process both on lattice and in the continuum.
A second approach to the RSA model uses probability theory and statistical geometry to
exploit the fact that all interactions in that model are of the excluded-volume type. This
was in fact the approach to RSA originally used by Widom;! It proves to be an application
of a general method originally due to Boltzmann'®, who used it to formulate a theory
for the thermodynamics of hard-sphere systems at equilibrium. One of us has shown
elsewhere!® how Boltzmann’s program can be completed and generalized, and how, when
so completed, it is related to the scaled-particle theory of Reiss, Frisch, and Lebowitz,!”
the potential distribution method of Widom,! and the Kirkwood-Salsburg equations!®
As discussed in some detail in ref. (16), a remarkable aspect of our generalizations of
Boltzmann’s method is that it is not limited to systems at equilibrium. This was exploited
in the work of Torquato and Stell’® to obtain the n-point matrix functions for composite
media in terms of n-particle probability distribution functions. These equations, which
are of the Kirkwood-Salsburg and Mayer-Montroll type, are valid for both equilibrium
and non-equilibrium systems. The first of these equations, from which the others can be
derived by “turning on” extra particles into the system, gives a formula for the average
space available to an (N +1)** particle being added to a system of N particles. (Boltzmann
called this the available space.) Widom! used this equation as the starting point for his

study of RSA, exploiting the fact that the available space is simply related to the adsorption
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rate of particles. More recently, the Kirkwood-Salsburg equations have been used in the

context of the RSA by Tarjus et. al.}?

In this paper, we generalize and extend previous results on RSA by giving a complete,
systematic liquid-state theory for this class of models. To do this, we combine two distinct
theoretical approaches. The first is a differential replica method previously developed by
one of us'?® that enables us to reduce a large class of models containing quenched degrees
of freedom!®?! to limiting cases of equilibrium, many-body systems. The second is the
method of Boltzmann already described.

This work has several goals. One of them is to systematize and generalize a number of
approximations and formal expansions that have previously: appeared in the literature. In
particular, we are able to obtain the general term in a number of fundamental expansions
for RSA correlation functions. Another goal is to extend the standard RSA model described
above in several directions, in order to give a more realistic treatment of the physical
systems to which RSA can be applied. In real adsorption problems successive particles
may interact with those already adsorbed via long-range, e.g., electrostatic, forces; thus
their placement will not be random. The adsorption may proceed at a finite rate rather
than the infinitesimal rate assumed by the naive RSA model, so that a nonzero density
of particles will simultaneously be adsorbing. The short-range interactions may not be
sufficiently repulsives to be modelled as hard-core; this may be very important at high
adsorbate density. All of these effects can be treated naturally once we describe the general
RSA process in terms of liquid-state theory.

Our final reason for discussing the RSA process in detail is that it represents an
important example of class of models of disordered materials, for which the correlation
functions do not correspond directly to an equilibrium Hamiltonian system, but which can
nevertheless be treated using the methods of liquid-state equilibrium theory. This work is
part of a long-term project of finding effective Hamiltonians for such materials in order to

use the machinery of equilibrium statistical mechanics (integral equations, renormalized
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perturbation theory, etc.) to calculate their properties.

The study of sequential adsorption was originally limited to one- and two- dimensional
problems, i.e., to adsorption on lines and surfaces. However, the generality of our study
makes it reasonable for us to frame our discussion here, except when noted otherwise, in
d-dimensional space.

This paper is organized as follows: in Section 2, we use the method of differential
quenching, essentially an iterated replica method, to develop a Mayer series for the par-
ticle adsorption rate. We show how to extend this calculation to the general RSA model
mentioned above. We also give a representation for RSA as a limiting case of an equilib-
rium Hamiltonian system. In Section 3, we extend the development of Section 2 to give a
set of two- point correlation functions for RSA. We discuss several sets of such functions
that naturally enter the analysis of this system. Finally, we give a set of Ornstein-Zernike
equations satisfied by the RSA correlation functions and suggest natural closures for them.
In Section 4, we define n-point correlation functions for RSA, and give a set of Kirkwood-
Salsburg equations these satisfy. In Section 5, we develop a scaled-particle theory for
RSA. It is shown that scaled-particle theory for sequentially adsorbed systems, unlike that
previously developed for equilibrium systems, is nonlinear. We solve the simplest ap-
proximation scheme of this kind numerically and discuss the solution. Section 6 gives a
summary of our conclusions.

2. A Generalized Replica Method for RSA, and an Effective Hamiltonian

In this section we will use a recently developed generalization of the replica method
to provide virial series for the particle adsorption rate and correlation functions of RSA.
We will exhibit an s-state Hamiltonian spin model whose thermodynamic quantities and
correlation functions become those of RSA in the singular limit s — 0. Finally, we will
then use this Hamiltonian formalism to discuss the very general RSA model described in

the introduction.

RSA can be described!® as an example of a differentially quenched system, i.e., one
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in which the system is repeatedly quenched after each particle is added and allowed to
equilibrate. Such differentially quenched systems are readily treated by generalizations of
the continuum or liquid-state replica method. Since the latter is not yet widely used, we

explain its basic features, then give the generalization needed to treat RSA.

The liquid-state replica method!® converts quenched thermodynamic averages into
standard thermodynamic averages in a system with an effective Hamiltonian. To see this
let us consider a system whose particles are divided into two components or fractions,
the first of which, termed component 1, is allowed to reach equilibrium at temperature
T as a result of pairwise interactions between particles at positions z; and z, of the
form v11(z) with z = z; — z;. (In the simplest case, v;; depends only on the magnitude
of z, which is the distance between the particles.) We then quench component 1, or
freeze it in place, before introducing component 2. Molecules of component 2 have the
interaction vpz(z) with each other and the interaction v12(z) with component 1 atoms.
The mean free energy for this system is calculated by performing an ensemble average
over the degrees of freedom of component 2 molecules, treating the degrees of freedom
of component 1 molecules as parameters. The thermodynamic quantities calculated from
this free energy are then averaged over the degrees of freedom associated with component
1 molecules to give the averaged thermodynamic quantities describing the two-component
partly quenched system. This double ensemble average is computationally quite difficult.
The liquid-state replica method!? converts this average into a single ensemble average.
It has been shown that the Mayer expansions for the thermodynamic quantities for this
two-component system are derived from the corresponding Mayer expansions for the fully
equilibrated system by simply excluding from the calculation all graphs not obeying a
particular constaint. Specifically, a Mayer graph is excluded if each vertex corresponding
to a component 2 atom is not part of an unbroken chain of such vertices connected to
a root vertex also of component 2. Madden and Glandt?? originally derived this result

using a general argument from probability theory; a derivation was subsequently given
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by us?®?4 using the replica method developed in [13] and [21]. Further results on the

quenched-annealed mixture obtained from the replica formalism can be found in ref. [25].

Sequentially adsorbed systems can be described as a generalization of this two-
component system in which each molecule is a separate component. One can construct a
sequentially adsorbed system by a process of differential quenching, in which one particle
at a time is added to a surface containing the previously adsorbed particles and allowed
to equilibrate before being quenched or frozen in place. Conversely, one can arrive at an
effective equilibrium system for RSA by repeatedly applying the replica formalism, once
for each particle, each application undoing a quench operation. From these considerations,
it follows that the Mayer expansions for this system are derived from those for an equi-
librium polydisperse or infinite-component system by discarding all Mayer graphs that do
not obey a particular constraint.!® Specifically, a graph is discarded if it does not have
at least one uphill path leading from each field point to a root point. An uphill path
is defined to be a sequence of vertices, each successive pair connected by a Mayer bond,
such that in traversing the path from field point to root point, the species labels of the
vertices encountered increase monotonically. (Here, every particle in RSA is considered to
belong to a different species, and they are given species labels in the order in which they
are introduced.) We emphasize that this prescription for providing Mayer expansions for
the bulk properties of partly quenched systems is extremely general. It applies to systems
arrived at by an arbitrary annealing schedule, or sequence of quench operations. Interest-
ingly enough, it seems that an isomorphism onto a non-additive spin system of the type

provided here for RSA also exists for an arbitrary annealing schedule.

The adsorption rate ® in RSA can be immediately related to the probability that a
randomly chosen point is the center of a disk of diameter a which contains no particle
centers, or equivalently, to the expected space available to the center of a disk of diameter
a which is to be inserted into the system. For the usual case of hard particles, we find

it useful to introduce a “fugacity” and “chemical potential” for RSA by means of the
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equations

3= f = e~PH /A3 (2.1)

which is the relationship between ¢ and u in an equilibrated system of hard particles. We
discuss in detail the Mayer expansion of the adsorption rate; we will give the corresponding
recipe for the RSA correlation functions in the next section. The coefficient of p™ in the
Mayer expansion for Bu is given by 1/n! times the sum of all topologically distinct, single-
rooted, labelled Mayer graphs. In the equilibrium theory of liquids,?® the factor 1/n!
results from the classical, i.e., indistinguishable nature of the particles. The labels on
the field points can be any n distinguishable symbols; they need not be integers. In the
RSA calculation, the labels on field points represent possible orderings of the n different
species labels assigned to these vertices. For any such ordering, there are N™/n! possible
assignments of species to the vertices in a Mayer graph. The root point is assigned to
the last particle added to the system, i.e., to the species N. According to the uphill path
constraint, this must be so, because no field point in any graph can be assigned to a
species with bigger label, i.e., to a particle added later. Thus, apart from the uphill path
constraint, which eliminates some labelled graphs, the Mayer expansion for the chemical
potential in RSA is the same as that in an equilibrium, hard sphere system.

We now use this observation to directly map RSA onto a limiting case of an equilibrium
system. We consider each particle in a many-body system to belong to a different species.
Also, assume that associated with each particle is an internal "spin” degree of freedom o;
that can take any of s different values, from 1 to s. Then we define a system with the

pairwise interaction between the particle of species 7 and the particle of species j, j > 1,

to be given by

Vij(z) = vas(z)éoin (2.2)
with vy s(z) a hard-disk interaction of range a. This somewhat unusual equilibrium system
has the property that, in the limit s — 0, all of its correlation functions (including the
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one-point function p/z) become those of RSA. To see this, note that the sum over spin
states weights each field point with a factor of s unless it is connected by a Mayer bond
to a vertex corresponding to a species of larger index. Thus, only Mayer graphs satisfying
this last condition will survive the s — 0 limit. But this last condition is equivalent
to the uphill path constraint. Incidentally, we note that the fact that the Hamiltonian
(2.2) depends on particle labels is not unusual; it is a common occurrence in treating
polydisperse systems.27+28

In the s — 0 limit, the thermodynamic quantities of this model become the basic

physical quantities that describe RSA. For example, we have

& =lim 2 (2.3)
8—0 2
also
PRSA = “d— p (2-4)
ds s=0

Here the quantity p on the RHS of eqn. (2.4) is the equilibrium pressure for the Hamiltonian
model defined by the interaction (2.2). The physical meaning of the RSA pressure prsa
can be understood by imagining a large but finite realization of an RSA model using
soft spheres in a box with hard walls. If one attempts to contract the walls of the box
infinitesimally, the RSA pressure is the force per unit area that one encounters. This
definition implies that the virial theorem, relating the RSA pressure to the two point
correlation function of that model, will be valid. One can see this implication by using the
rescaling proof of the virial theorem due to H.S. Green.?®

The Hamiltonian mapping just given suggests a natural generalization of RSA: we

replace the pairwise interaction (2.2) between species 7 and j, 7 > 7, with
Vij(z) = v(z)b0:1 + 6(z) ' (2.5)

The two potential functions in this model, v(z) and ¢(z), can be chosen independently
to give a variety of interesting models. If the potential v(z) in (2.5) is zero, the inter-

action (2.5) will give an equilibrium system with potential ¢(z). If the potential ¢(z)
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is zero, it gives various models of sequential adsorption. Choosing v(z) to be a hard-
sphere interaction gives the model usually called RSA. Choosing v(z) to be the sum of
a hard-sphere interaction and a Coulomb potential gives a model for the correlated but
irreversible adsorption of charged, hard particles. This system could be realized experi-
mentally by placing a static charge on small latex spheres, then allowing them to adsorb
strongly onto a surface. We note that unless the potential v(z) has a hard core, the re-
sulting RSA model will have no jamming density. Nevertheless, one can ask whether the
asymptotic behavior of the adsorption rate will still be a power law in the elapsed time,
as it is in naive RSA.

In the general case, the interaction (2.5) corresponds to a model of correlated and
partly reversible sequential adsorption. Allowing a general potential ¢(z) that acts between
each pair of particles independent of their spin state is equivalent to making the binding to
the substrate partly reversible. To simulate this general two- potential RSA model e.g., on
a computer, one begins with an arbitrary placement of particles on a surface, then evolves
this distribution to a steady state by cycling through the particles in order of increasing
species number and attempting to move each to a new location. If a candidate move

involves placing particle ¢ at z;, it should be accepted with probability p determined by

the Boltzmann factor

p= exp[—ﬁE(:r;)]/_/e:x:p[-—ﬁE(m,-)]d%,- (2.6)
where

E(z:) =) v(zi) + Y é(zi;) (2.7)
i<i J#i
Depending on the relative strength of the two interactions v(z) and ¢(z), this process will
give a more or less reversible adsorption process.
Finally, we note an interesting class of models, now under study, which involve sequen-

tial adsorption on a substrate that is either porous or heterogeneous, so that only part of

the surface is available for adsorption. We construct the RSA process as before as a system
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with many layers or components, each consisting of a single particle. But instead of adding
these components successively to a vacuum, we add them to a finite-density hard sphere
system, which is itself defined to be the first layer in a generalized sequential adsorption
process. The rules for calculating Mayer series for such generalized sequential adsorption
processes have been described previously. The additional component of hard-sphere parti-
cles can be thought of as impurities or obstacles having the pairwise interactions Vi1(z),
Via(z), resp. with each other and w'ith the sequentially adsorbing particles. We choose
Vi2(z) to be a hard-core interaction so as to exclude adsorption inside the obstacles. For
Vi1(z), it is advantageous to use a parameterized potential that can range from no inter-
action to a hard-sphere interaction. The square-mound potential, V31(z) = 1/m; forz < 1
and 0 for z > 1 is an example. The somewhat different choice that defines the permeable
sphere model®® has proven expecially simple in the context of the Percus-Yevick approxi-
mation. Here Vj1(z) = 0 for £ > 1 but the condition on Vi; for # < 1 is replaced by the
condition that V;; yield the radical distribution function, gu(z)=Aforr<1,0<A <1

3. Ornstein-Zernike Formalism for Sequential Adsorption

In this section, we define several different two-point correlation functions for RSA,
each of which is useful in the analysis of this model. We also present an Ornstein-Zernike

system for RSA and discuss it in terms of the Hamiltonian formalism presented in Section

2.

It is most natural to first define RSA correlation functions that are a limiting case of
the correlation functions of the Hamiltonian model defined in Section 2. These functions
inherit virial expansions, integral equations, etc., from the equilibrium correlation functions
from which they are derived. One can then use these functions to study the detailed

structure of an RSA model.

We define the two-point correlation function of the Hamiltonian system of Section 2

as follows: g;;% (z) is the probability density associated with finding a particle of species

¢ in spin state o; and a particle of species j in spin state o j» the two of them separated by
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