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Abstract:

We study the paths of motion of harmonic oscillators on three dimensional
space. The general description of this motion is well studied and presented
in upper division mechanics textbooks and it is well-known that the so called
commensurate condition for angular velocities leads to Lissajous curves that
are paths in 2D or 3D space on which the oscillator repeats its motion. We
take a closer look at Lissajous curves and highlight that these repetitive paths
can be classified into two groups: One group exhibits repetitive motions that
are pendulum-like (we shall refer to this group as P-type) where the oscillations
have two turning points at which the oscillator momentarily comes to a complete
stop and reverses direction (just like an oscillating pendulum). The second
group involves repetitive motions that are ”loop-like” (which we shall refer to
this group as L-type) for which there are no turning points and the oscillator
travels on closed loops without changing direction. Specifically, in the absence of
damping, we investigate perturbation of phase angles on the path of oscillations
and whether a small perturbation can result in formation of bands around the
path of motion, while the shape of the path is preserved. We then investigate
the effects of damping (linear and nonlinear) on these paths.
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1 Introduction

We are interested in the paths of motion of oscillations in three dimensions.
In this paper, we will be studying simple harmonic motion, linearly damped
oscillations, and non-linearly damped oscillations in three dimensions. We will
be studying how variations in frequency and phase angle for each dimension can
change how the path looks, whether it is pendulum-like or loop-like. We will be
looking at the case where we alter the phase angle slightly and check how the
path changes. Does the new path stay close to the original path? Does the new
path change entirely? Do both of these happen in different cases?

Since we are looking at harmonic motion in three dimensions, it makes sense
to look at the undamped case first. The differential equation looks like:

mẍ = −k1x mÿ = −k2y mz̈ = −k3z (1)

Without loss of generality, we can solve for x and get a solution for all three
coordinates. We begin by letting ω =

√
k/m, which then leads to

ẍ+ ω2x = 0

From here we can guess that the solution is of the form x = A0e
λt, which

gives us

A0λ
2eλt +A0ω

2eλt = 0

This leads us to the conclusion that λ = ±iω. Plugging that in and using
Euler’s identity, we get the following:

x = A1e
iωt +A2e

−iωt

Using Euler’s identity:

x = B1 cos(ωt) +B2 sin(ωt)

Which then gives us

x = A cos(ωt+ α) (2)

Using this solution, we can employ the same techniques to both the y and z
coordinates and come up with the following solution to the differential equation.

x = A cos(ω1t+ α)

y = B cos(ω2t+ β) (3)

z = C cos(ω3t+ γ)

We can plot this easily by putting in values for the frequencies and phase
angles. A few examples:
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Figure 1.1: L-type curve
Figure 1.2: L-type curve

Figure 1.3: P-type curve Figure 1.4: Non-Lissajous curve

(See appendix for code on how to generate these and all future figures)

Figures 1.1 and 1.2 represent what we call a loop-like (L-type) curve, where
the plot loops back onto itself from behind. Figure 1.3 represents what we call
a pendulum-like (P-type) curve. This is where the oscillator travels until it
reaches a turning point and repeats it’s motion back onto itself. In the Figure
1.4, the oscillator travels infinitely without ever repeating its motion. If we let
the Figure 1.4 continue for long enough, it would get infinitely close to any given
point in that plane. The first three examples are what we call Lissajous curves.

2 Categorizing Lissajous Curves

Our first goal is to determine what curves are Lissajous curves and which ones
continue on infinitely. Lissajous curves eventually travel along the same path
repeatedly, whereas the other ones do not. The point at which it starts repeating
is what we call the curves period, T . We can find the period of each dimension
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individually based on the fact that they are just simple cosine functions:

Tx =
2π

ω1
Ty =

2π

ω2
Tz =

2π

ω3

The period of the whole thing T is found by taking the lcm of the individual
periods. This will ensure that all dimensions loop over an integer amount of
times and it fully restarts. This gives us:

T =
2π

gcd(ω1, ω2, ω3)
(4)

By plugging this into equation (3) and letting t0 and t1 represent two times
where the oscillator is at the same position, we can find where the graph loops
over.

x = A cos(ω1t1 + α+ 2πn1) = A cos(ω1(t0 +
2πn1
ω1

) + α)

y = B cos(ω2t1 + β + 2πn2) = B cos(ω2(t0 +
2πn2
ω2

) + β)

z = C cos(ω3t1 + γ + 2πn3) = C cos(ω3(t0 +
2πn3
ω3

) + γ)

From there we can get that the time it takes for the curve to repeat itself in
each direction is:

t1 − t0 =
2πn1
ω1

=
2πn2
ω2

=
2πn3
ω3

This gives us the equation for finding Lissajous curves:

n1
ω1

=
n2
ω2

=
n3
ω3

(5)

We can say a curve is Lissajous if it follows equation (5), where n is an
integer. This tells us that phase angle is irrelevant to finding Lissajous curves
because they are not in the equation. We can now guess what kind of numbers
we can use for ω. In fact we can use any rational number for each ω and be
confident that the loop will eventually close1.

To prove that we can use any rational number for ω, we let ωn = pn/qn.
Substituting that into equation (4), we get:

q1n1
p1

=
q2n2
p2

=
q3n3
p3

Finding a common denominator:

q1p2p3
p1p2p3

n1 =
p1q2p3
p1p2p3

n2 =
p1p2q3
p1p2p3

n3

1I say close in the sense that we get an L-type or a P-type curve and not just and L-type
specifically.
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From here we can multiply everything by the denominator and get

q1p2p3n1 = p1q2p3n2 = p1p2q3n3

This leads us to the very clear solution of that each side should equal
p1p2p3q1q2q3. Therefore

n1 = p1q2q3 n2 = q1p2q3 n3 = q1q2p3

This works, but is not the only solution. With a little clever substitution, we
can work out the minimal n’s as well. If we let Φ = lcm(q1p2p3, p1q2p3, p1p2q3)
we let:

n1 =
Φ

q1p2p3
n2 =

Φ

p1q2p3
n3 =

Φ

p1p2q3

This gives all three sides of equation (4) equal to Φ and ensures that each n
is an integer, since the lcm must be divisible by its arguments.

We can also test this out with irrational values for ω. It might seem obvious
that any irrational omega would never work to create a closed L-type path,
but we just have to make sure equation (5) holds. One solution is that we let
ω1 equal some irrational number, say

√
3 for example. Now, we just have to

make sure that ω2 and ω3 are some rational multiple of ω1. This will let all
the irrational parts cancel out, and we can apply the same substitution of Φ to
ensure equality.

Now that we have categorized which curves are Lissajous and which are not,
we can immediately look at a solution to equation (1) and determine what it
might look like. We know that if each ω is rational or some rational multiple
of a common irrational number, we get a Lissajous curve. Otherwise, we get a
non-Lissajous curve, which would look like Figure 1.4.

3 Determining P-Type and L-Type Curves

If we study P-type paths, we see that they are still periodic, of course. They
just look a little different because the path the particle takes goes over itself
backwards. This little fact is what opens our eyes into how to find a solution to
what paths are P-type and what paths are L-type. Since all 3 dimensions are
modeled by a cosine function, we can think about how a path even could go back
onto itself. This only ever happens at the maximums and minimums, namely
when the graph reaches its amplitude. For example, if we look at the graph
y = cos(5x), we see that it reaches its max and min at x = π

5 ,
2π
5 ,

3π
5 , . . . ,

nπ
5 .

Now, more realistically, we add a phase angle as well and we see that the peaks
are at x = nπ−φ

ω for a phase angle φ and a frequency ω. This is a vital piece
of information in finding P-type curves. For a path to be considered a P-type
path, there has to be a point where all three dimensions of movement go back
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on themselves as explained above. This means that there has to be a peak on
each three dimensions that happens at the same point. We can visualize this
easily by plotting the three parametric equations on the same set of axes and
looking for peaks. On the other hand, we can find out analytically by taking
the equation from before and setting it equal to itself. We get the following:

k1π − α
ω1

=
k2π − β
ω2

=
k3π − γ
ω3

(6)

This is the equation for determining if a path is a P-type curve. For rational
ω1, ω2, ω3, if there exists integers k1, k2, k3 that satisfy equation (6), then the
path is P-type. Otherwise the path is L-type.

I will work through one example on finding a P-type curve here. We can
choose our ω’s to be anything to start; let’s say ω1 = 5, ω2 = 2/3 and ω3 = 1.
Now we have to be careful about our phase angles. In fact, most choices for
frequencies and phase angles will yield an L-type path, so we have to carefully
craft a solution that gives a P-type path. We have:

k1π − α
5

=
3

2
(k2π − β) = k3π − γ

From here, we still have some freedom to choose one of the 3 phase angles.
I will choose γ = 0 for simplicity. Now we see that:

k1π − α
5

=
3

2
(k2π − β) = k3π

Solving one at a time, we will see that:

β = k2π −
2

3
k3π

α = k1π − 5k3π

Where any integer choice of k1, k2 and k3 will give a valid P-type path. For
the following plots I chose all k’s to be 1.
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Figure 3.1: Each plot represents the motion of one axis

As you can see, Figure 3.1 represents the individual axes’ motions, and the
peaks all line up at 2π.

Figure 3.2: 3-dimensional motion of the particle

Figure 3.2 represents the 3d motion for the above example and its clear that
we have a P-type path. The green plot in Figure 3.1 represents the motion along
the x-axis, the orange plot is the motion along the y-axis and the blue plot is
the motion along the z-axis.

In general, if we choose each ω and one phase angle, say φj , we get the other
two phase angles to be:

φi = kiπ −
ωi
ωj

(kjπ − φj)
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4 Band Formation

What happens if we take a Lissajous curve and perturb the phase angle by an
infinitesimal amount? Does the curve change significantly, or is it very close to
the original path? To start answering this question, we once again go back to
equation (3), our equations of motion. Let’s alter these a bit to see what we get
when we perturb it.

x̄ = A cos(ω1t+ α+ ε)

ȳ = B cos(ω2t+ β + ε) (7)

z̄ = C cos(ω3t+ γ + ε)

Now we can apply the cosine angle addition formula and see what we get.
Without loss of generality we will look at only one coordinate.

x̄ = A cos((ω1t+ α) + ε) = A[cos(ω1t+ α) cos(ε)− sin(ω1t+ α) sin(ε)]

Using Taylor series expansion cos(ε) ≈ 1 − ε2 ≈ 1 and sin(ε) ≈ ε ≈ 0, and
we get:

x̄ ≈ A cos(ω1t+ α)���
�:1

cos(ε)−A sin(ω1t+ α)��
�*0

sin(ε)

x̄ ≈ A cos(ω1t+ α)− 0

x̄ ≈ x

This tells us that whether we have an L-type or a P-type Lissajous curve,
we always get band formations around the original path when we change the
phase angle slightly.

Using x = cos(2t+ π/2), y = cos(t− π/3) and z = cos(3t), we get:

Figure 4.1: Original path Figure 4.2: Band formation
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Figure 4.1 being the original path and Figure 4.2 having additional paths
added with very small changes to the phase angle (−0.1 < ε < 0.1). Note that
multiple paths are plotted in Figure 4.2, to make clear that they are very close.

This result is not very surprising since all the equations of motion are rep-
resented by cosines, a plot that is very smooth, and without discontinuities.

5 Linear Damping

It wouldn’t make a lot of sense to talk about damping without giving some in-
tuition on what it means. Before, we talked about a simple harmonic oscillator,
which experiences no friction, just the restoring force. Now, we make things a
little more realistic. There is another force in our differential equation which
represents friction in air, or some viscous fluid. This new term will be a lin-
ear function of velocity, hence the name linear damping. Our new differential
equation comes out as such:

mẍ+ cẋ+ kx = 0 (8)

Dividing by m:

ẍ+
c

m
ẋ+

k

m
x = 0 (9)

Grant Fowles and George Cassiday (2005) use a few clever tricks in solving
this differential equation. The first of such is to substitute in the damping factor
γ, defined as

γ =
c

2m

and ω2
0 = k/m into Equation (9). This gives the much simpler form of

ẍ+ 2γẋ+ ω2
0x = 0 (10)

The second clever trick they use is to let D be the differential operator d/dt.
We will operate on x with a quadratic function of D that we specifically choose
to generate Equation (10): [

D2 + 2γD + ω2
0

]
x = 0

Now, if we factor the operator term using the binomial theorem, we get[
D + γ −

√
γ2 − ω2

0

][
D + γ +

√
γ2 − ω2

0

]
x = 0

This allows us to solve each of the two operators independently by setting
either one equal to 0. Taking the sum of these solutions gives us a general
solution. We can solve this by simple seperation of variables, getting
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x(t) = A1e
−(γ−q)t +A2e

−(γ+q)t (11)

where

q =
√
γ2 − ω2

0

Keep in mind that A1 and A2 are both dependent on the initial conditions
of the system, whereas γ, ω0 and q are all based on parameters of the system
(mass of the object, spring constant and linear drag force). Another thing to
remember is that this is only the solution for one dimension of motion of the
spring. The other two dimensions will have the same general solution, but the
parameters will be different.

Let’s now take a look at some of the specifics of our solution. You may notice
that the q in our exponent can potentially be imaginary, which would drastically
change what our solution looks like. There are actually three possible scenarios.
We may see that q is real and positive, real but q = 0, or that q is imaginary. We
call these cases overdamping, critical damping and underdamping, respectively.
We will take care of each case seperately.

First we’ll look at overdamping. Here, q is real and positive which gives us
some conditions on our starting parameters.

q =
√
γ2 − ω2

0 > 0

γ2 − ω2
0 > 0

c2 > 4mk

This lets us immediately tell if the solution will be overdamped just by
looking at the differential equation. We can do the same thing for the other two
cases, namely c2 = 4mk when we have critical damping and c2 < 4mk when its
underdamped. The solution of the overdamped case however, is an exponential
decay with two different rates, (γ − q) and (γ + q). This is very different from
our undamped case, where we have an oscillation. Here there is no oscillation
at all, and the strong damping force reduces the energy in the system to 0 over
time.

Next, we’ll look at critical damping where q = 0. In this case, both exponents
in Equation (11) are equal. This means A1 and A2 are no longer separate and
they now form a single constant A. Now that we only have one exponential
function, the solution is not completely general. Going back to our differential
equation, we can use the information that q = 0 to simplify a bit.

[D + γ][D + γ]x = 0

Now, let’s substitute u = [D + γ]x, giving
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[D + γ]u = 0

u = Ae−γt

Replacing our substitution, we get

Ae−γt = [D + γ]x

A = eγt[D + γ]x = D(xeγt)

∴ xeγt = At+B

x(t) = Ate−γt +Be−γt

Now, our solution has two constants of integration, as required. We also have
two different functions, te−γt and e−γt, instead of two exponentials. It’s also im-
portant to notice that this case is also non-oscillatory, just like the overdamped
case.

Lastly, we have the underdamped case. This is by far the most interesting
case, as we have an imaginary exponent in play. If we rewrite q as iωd, we get

q = iωd = i
√
ω2
0 − γ2 = i

√
k

m
− c2

4m2
(12)

where ω0 and ωd are the angular frequencies of the undamped and the un-
derdamped oscillators, respectively. Now if we rewrite the general solution as
found in Equation (11), we have

x(t) = C+e
−(γ−iωd)t + C−e

−(γ+iωd)t

= e−γt
(
C+e

iωdt + C−e
−iωdt

)
Here, we have the constants of integration C+ and C−. Since our solution

is the sum of two imaginary exponentials, we want to manipulate it to come
out real. This means that C+ and C− must be complex conjugates of each
other, making it possible to express the answer as sines and cosines. Taking the
complex conjugate of our new solution, we get

x∗(t) = e−γt
(
C∗

+e
−iωdt + C∗

−e
+iωdt

)
= x(t)

Since x(t) is real and x∗(t) = x(t), we know that C∗
+ = C− = C and

C∗
− = C+ = C∗. Therefore,

x(t) = e−γt
(
C∗e+iωdt + Ce−iωdt

)
Even though it looks like we only have one constant, we actually have two

since C is a complex number. We will rewrite it to make it more obvious that
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there are two, and make it easier to see the meaning behind the values of the
constants.

C− = C =
A

2
e−iθ0

C+ = C∗ =
A

2
e+iθ0

Although not apparent right now, we will find that A is the maximum dis-
placement and θ0 is the initial phase angle of the motion. Plugging all of that
into our solution and applying Euler’s identity, we finally get

x(t) = e−γt
(
A

2
e+i(ωdt+θ0) +

A

2
e−i(ωdt+θ0)

)
= e−γt

(
A

2
cos(ωdt+ θ0) + i

A

2
sin(ωdt+ θ0)

+
A

2
cos(ωdt+ θ0)− iA

2
sin(ωdt+ θ0)

)
∴ x(t) = e−γt(A cos(ωdt+ θ0))

This solution is very reminiscent of the solution to the undamped case. The
only difference is that we have the e−γt factor that eventually causes the system
to lose all of its energy. We now see that with the underdamped case, we do get
oscillations, unlike the overdamped and critically damped case, but the motion
still approaches zero due to the exponential term.

Since, we only found the solution in one dimension, we have to extend this
solution for both the y and z coordinates as well. We do end up with the same
answer, but we have to be careful with which variables are shared between the
three coordinates. If we look at everything in the final solution, we have γ, A,
ωd and θ0. Since A and θ0 are both dependent on the initial conditions of the
system, it seems that they are different in each dimension. From Equation (12),
we see that ωd is dependent on k, m and c; k being the only one that changes
between the three dimensions. This is perfectly fine because that’s all we need
to manipulate it to our needs. Lastly, we have γ, which will be the same in each
dimension because it is dependent on c and m which will not change. This is
because each spring is attached to the same mass and will travel through the
same viscous fluid. We now have our equations of motion. In the underdamped
case:

x(t) = Ae−γt cos(ωdxt+ θ0x)

y(t) = Be−γt cos(ωdyt+ θ0y) (13)

z(t) = Ce−γt cos(ωdzt+ θ0z)

In the overdamped case:
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x(t) = A1e
−(γ−qx)t +A2e

−(γ+qx)t

y(t) = B1e
−(γ−qy)t +B2e

−(γ+qy)t (14)

z(t) = C1e
−(γ−qz)t + C2e

−(γ+qz)t

And in the critically damped case:

x(t) = A1te
−γt +A2e

−γt

y(t) = B1te
−γt +B2e

−γt (15)

z(t) = C1te
−γt + C2e

−γt

We see that in any of these cases the motion eventually falls to zero, which
can be seen in the following figures.

Figure 5.1: Overdamped oscillator

Figure 5.2: Critically damped oscillator

Figure 5.3: Underdamped oscillator

In Figure 5.1 and 5.2 we have examples of the overdamped and critically
damped cases, respectively. As you can see, the motion is non-oscillatory and
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the exponential terms significantly decay the motion of the particle. Figure 5.3
on the other hand represents an example of the underdamped case, where the
particle still undergoes oscillatory motion but decays slower. Here, the shape is
kept in tact and will only decrease in distance from the origin. All three of the
linearly damped cases eventually lose all their energy and fall to zero.

6 Non-Linear Damping

To begin talking about non-linear damping in a system like this, we have to
first go over what exactly that means. Like in the previous chapter with lin-
ear damping, we have a velocity-based term in our differential equation. This
time, our damping is proportional to the velocity though. This results in our
differential equation now being coupled in our three axes. We get:

mẍ+ cvẋ+ kx = 0

mÿ + cvẏ + ky = 0

mz̈ + cvż + kz = 0

Where v =
√
ẋ2 + ẏ2 + ż2.

If we try to solve this, we quickly run into some big problems. This is not
an easy differential equation to solve, and may in fact be impossible to solve for
x. We instead, shift to a numerical method for solving this. We will be looking
into using the 4th order Runge-Kutta method. First, we must come up with
some values in for m, c and k, since this is a numerical method. I will borrow
values from Problem 3.10 in Analytical Mechanics 7th Edition (Grant R. Fowles,
George L. Cassiday). We have m = 10kg, k = 250N/m and c = 60kg/s. Let’s
now go over what we know.

ẍ = f(x, y, z, ẋ, ẏ, ż) =
1

m
(−cvẋ− kx)

ÿ = g(x, y, z, ẋ, ẏ, ż) =
1

m
(−cvẏ − ky)

z̈ = h(x, y, z, ẋ, ẏ, ż) =
1

m
(−cvż − kz)

We also have to give some initial conditions, so we let (x0, y0, z0) = (2m,
1m, 3m) and (ẋ0, ẏ0, ż0) = (15m/s, 10m/s, 20m/s).

In order to use RK4, we need to vectorize these equations and turn them
into a first order differential equation. Let’s make a substitution for the first
derivatives of each coordinate. We now have

Ẏ =


ẋ
ẏ
ż
u̇
v̇
ẇ

 =


u
v
w

f(x, y, z, u, v, w)
g(x, y, z, u, v, w)
h(x, y, z, u, v, w)


15



Plugging in our initial conditions, we can get our vector Y0 = [2, 1, 3, 15, 10, 20]T .
We’ll now outline the Runge-Kutta method that we will be using. We start with
some initial condition, and then we find the position of the particle at sequential
points in time, each separated by ∆t. We get

Yn+1 = Yn +
1

6
(K1 + 2K2 + 2K3 +K4),where

K1 = Ẏ (tn, Yn)∆t

K2 = Ẏ (tn + ∆t/2, Yn +K1/2)∆t

K3 = Ẏ (tn + ∆t/2, Yn +K2/2)∆t

K4 = Ẏ (tn + ∆t, Yn +K3)∆t

Here, we are looking at Ẏ as a function of t and Yn. For example, using
∆t = 0.01 we can calculate Y1 as

K1 = [0.150, 0.100, 0.200,−24.733,−16.406,−33.061]T

K2 = [0.026, 0.018, 0.035,−1.263,−0.771,−1.756]T

K3 = [0.144, 0.096, 0.191,−22.727,−15.124,−30.331]T

K4 = [−0.077,−0.051,−0.103, 5.900, 3.993, 7.807]T

∴ Y1 = [2.069, 1.046, 3.091, 3.864, 2.633, 5.095]T

This result is expected because looking at the first three gives us the position
at ∆t = 0.01 seconds later and the last three gives us the velocity at that time.
Our positions are not very far off from our initial conditions, and the velocities
in each direction have dropped severely because of the nonlinear damping term.
Using this method, we will be able to calculate an approximate position that
this particle might take for extended periods of time. There is well-structured
and commented code in the appendix that calculates and plots the path that
this particle might take.
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Figure 6.1: 4th order Runge-Kutta Approximation

Looking at figure 6.1, we can see that the oscillator starts on the right hand
side at (2, 1, 3) and travels all the way to the origin (or close to it). The oscillator
makes a small ”hook” at the beginning of its motion which correlates to it’s high
initial velocity being diminished almost immediately. It then takes a very quick
path to the origin and actually oscillates around 0. The figure does not show
the oscillations near the origin, but it is easily demonstrated in animations.

7 Summary and Conclusion

In this work we studied the conditions for Lissajous curves in some detail. Par-
ticularly, we investigated the conditions for the P-type subcategory of Lissajous
curves, and derived an analytical formula that ensures a P-type path. We deter-
mined that any Lissajous curve that does not follow that formula results in an
L-type path. We also studied the band formation and demonstrated that when
phase angles are perturbed they result in the formation of bands with variable
band-width. We then studied the effect of linear and non-linear damping on
Lissajous curves and in general. For all computations we developed figures with
numerical computation methods using the Wolfram Mathematica 11 program-
ming language.

Reference
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Thomson Brooks/Cole, 2005.
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Appendix
In this appendix we give all the codes throughout this project for various

computations and figures using the Wolfram Mathematica 11 programming lan-
guage.

Code for Figure 1.1. Parametric curve with x = cos(t), y = cos(3
2 t + π

4 ),
z = cos(2t+ π

3 ) and with t ∈ [0, 20π].

Code for Figure 1.2. Parametric curve with x = cos(3t+ π
3 ), y = cos(t+ π

2 ),
z = cos(4t+ π

3 ) and with t ∈ [0, 20π].

Code for Figure 1.3. Parametric curve with x = cos(3t), y = cos(2t), z =
cos(t) and with t ∈ [0, 20π].

Code for Figure 1.4. Parametric curve with x = cos(t), y = cos(
√

2t),
z = cos(t) and with t ∈ [0, 30π].

Code for Figure 3.1. Three 2-dimensional curves on the same plot with
x1 = cos(t), x2 = cos( 2

3 t−
π
3 ), x3 = cos(5t+ 4π) and with t ∈ [π, 3π].

Code for Figure 3.2. Parametric curve with x = cos(5t+4π), y = cos( 2
3 t−

π
3 ),

z = cos(t) and with t ∈ [0, 20π].

Code for Figure 4.1. Parametric curve with x = cos(2t+ π
2 ), y = cos(t− π

3 ),
z = cos(3t) and with t ∈ [0, 20π].
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Code for Figure 4.2. Eleven parametric curves on the same plot with x =
cos(2t + π

2 + ε), y = cos(t − π
3 + ε), z = cos(3t + ε) with ε taking the values

−0.1,−0.08, . . . , 0.08, 0.1. and t ∈ [0, 20π]

Code for Figure 5.1. Parametric curve with x = e−(γ−qx)t + e−(γ+qx)t, y =
e−(γ−qy)t + e−(γ+qy)t, z = e−(γ−qz)t + e−(γ+qz)t, where γ = 0.05, qx = (γ2 −
0.0252)1/2, qy = (γ2 − 0.022)1/2 and qz = (γ2 − 0.032)1/2 with t ∈ [0, 200π].

Code for Figure 5.2. Parametric curve with x = 1.1te−0.05t + 0.9e−0.05t,
y = te−0.05t + 0.95e−0.05t, z = 1.05te−0.05t + 0.95e−0.05t and with t ∈ [0, 200π].

Code for Figure 5.3. Parametric curve with x = e−0.05t cos(t + π
2 ), y =

e−0.05t cos(2t), z = e−0.05t cos(3t) and with t ∈ [0, 20π].
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Code for Figure 6.1. Plot of the motion of an oscillator under non-linear
damping modeled by 4th order Runge-Kutta. Here we have m = 10kg, k =
250N/m and c = 60kg/s. Initial condition Y0 is given to be [2, 1, 3, 15, 10, 20]T

and ∆t = 0.01s.
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Code for animation of Figure 6.1. This code in combination with the code
for Figure 6.1, will let you run a small animation that shows a ball going over
the path that the oscillator will travel.
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