STATE UNIVERSITY OF NEW YORK AT

STONY BROOCK

College of Engineering Technical Report

Noe 351

THE DYNAMIC EEHAVIOR OF TWC FIRMS SHARING A JOINT VENTURE

A. H. Zemanian

This work was supported by the National Science Fcundation under

Grant MCS 78=019G2

Cctober 15, 1980
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Abstract. Two firms with constant capital run their
separate cperations and in addition ccoperate in a joiﬁt venture.
These three operations are periodic in that an investment at
the beginning of a périod receives a payoff at the end of the
period. Betwéen two periods each firm adjusts its capital allocaticn
toward that operation that payed it a greater rate of return in
the preceding period. Thus, each firm has a rule for capital
allocation, but we do not specify the precise values of that
rule in order to maintain the generality of our analysis. Given
an initial capital allocation and the production functicns of
the three operat ions, the rules generate time series in the
capital allocations. It is shcown that, if the firms do not
react too strongly to differences in their rates of return and
if the rates of return do not vary toc strongly with chéanges in
capital input,‘then these time series converge to a unigue
globally stable equilibrium point. The location of the equilibrium
point shows which operuation will succeed and which will fail,

It slso indicates how the two firms will eventually interact.
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Introduction

We consider herein the behavior of two firms, which in
addition to.their own ocperations, engage in a joint venture,

We assume that the venture as well as the individual operations
are periocdic in the sense that investments made at the beginning
of a period receive a payoff at the end of that pericd. At the
latter time, each firm is free to decide how much of its capital
it will invest into the joint venture for the férthcoming period.
An example of this model might be two farmers who jointly own .
a cider mill and whose yearly capital investments are the
quantities of apples they convert to cider, the alternative

being to sell the apples whole. (This assumes that all apples
are of uniform quality, no rotten or bruised ones that are good
only for cider.) Another example might be two 0il companies that
jolntly drill offshore. At the end of each exploration, each
company is free to decide how much, if anything, it will invest
into the next joint exploratione.

We ask whether the joint venture will succeed, ana, i It
does, what share of the joint venture will each firm eventually
settle upon. Actually,.nine cases can arise becouse ggch firpy
may either abandon the joint venture, abandon its own enterprise,
or support both. The case where a firm abandons both the juint
venture and its own enterprise does not arise in our analysis
since we assume that the {irm has a fixed amount of capital
which 1t must invest in either or both operations. We seek and

find precise conditions under which the nine possibilities occur.



Wie attack our problem by examining the dynamic behavior of
each firm and how it adjusts its capital allocations between its
own operation and the joint venture., In this regard, our approach
is a behaviorist one in the spirit of the'Cyert-Harch behavicral
theory of the firm [1], but the behavior we attribute to the
firms is fimply that they seek to improve the overall rates of
.return to%heir investments when adjusting their capital allocations.
It is not a mérginalist approach = at least at this point = in
that the amount of that adjustment is left unspecified. We merely
assume that at the end of each period the firm examines the two
rates of return it has just received and then shifts its next
capital allocation toward that enterprise that provided the better
rate of return. These rates of return are determined by the
production functions of the operations and the capital investments.
We-also assume consistency of behavior: Under the same circumstarces
(Lees, faced with the same received rates of return and the same
prior capital allocation) the firm will make the Same capital
ad justment. However, the two firms are allowed to behave differently.
Thus, each firm is characterized by its own rule for adjusting

iy

capital allocations. This rule will appear as a function g wiaose
preclise values we leave unspecified., We only impose some assumpticns
concerning the general shape of the g functions.

The adjustment rules generate time series in the capital
allocations, and the question we are led to is whether those
time series converge. The answer is yes if two conditions hold:
The firms must not react too sharply to imbalances in their rztes

of return (they should not overrcact), and the rates of return

must not vary too radically wlth variations 1lnm the capltal inputs



(the operations should be relatively stablé). These ideas are
made precise by Conditions H below,
Under these circumstances we show that there is one and
only one equilibrium point E toward which the time series converge,
‘When none of the three operations are ever abandoned, E occurs

where the three rates of return are equal - a classical marginalist

result. When one or two of the operations are eventually abandoned,

the location of E is determined by certain inequalities between

the rates of return, which we explicate in Figure #. It's noteworthy

that the location of E does not depend upon the adjustment rules g.
Those g merelf determine how quickly convergence to £ occurs,.

It is also worth pointing out that we do not assume that
the firms are in conflict, as we would were we to take a
game—theoretic approach teo their interaction., Nor is the purpose

of the joint venture to coalesce interests or inhibit competition.

Its purpose is taken to be profit, and the firms take part in it

perhaps because they do not have enough capital to maintain both 1t aud

the initially desired levels of operation for their own enterprises

or §erhaps because the joint venture may initially appear to be
too risky for any company to undertake alone,

A remark or two about notation: We use the symbol (a, b)
to denote both an open interval in the real line 2and a point in
the real plane, Which meaning is intended in any particular

case will be clear from the context. A closed interval is denoted

by [a, bl, whereas (a, b] is an interval open on the left and
e

o
closed on the right. © denotes the interior of a set &, and
A

€ denotcs its closure, |



‘The Model

Let there be two firms, one with capital N, the other withn
capital M available for investment. So as not to introduce too
many Symbols, we'!ll refer to these firms as "firm N" and "firm M",.
Also; let there be three ventures having the production functi:ons
X, Y, and 4, each of the latter being a function of its total
inves£ment. We'!ll call these "vénture x*, "yenture Y", and
"venture 24", Only firm N invests in venture X, only firm M invests
in véntgre Z, whereas firms N énd M invest jointly in venture Y.
These investments are made at the times € = 1, 35 55 eee =
The returns to the firms occur at times t+l = 2, Ly, 65, coe o
This is illustrated in Figure 1.

At time t, firm N invests the capital ny into venture Y and
the capital N = n, into venture X, and firm M invests the

capital m,_ into venture Y and the capital M - m_ into venture Z.

© t
. Throughout this work, M and N are positive numbers, and ny and
m_ are restricted to the intervals O = n, S Nand O S m S Mo

These investments result in the profits X(N - nt) and Z(M =~ mt),
ﬁhich are returned to firms N and 1 respectively at time t + 1.
At the same time, the profit ¥(n, + m_) is divided between firms
N and M according to the customary rule that each firm shares

that profit in proportion to its investment., Thus, firm N

receives
Ny
c Uy T m Y(nt + mt)
t t e
and flrm M receives
My
Ve, = ——— Y(n +m)



from the venture Y. Thus, at time t + 1, firm N receives the

rates of return

X(N - nt) _
T
and .

i Y(ng +mg)
& Tye T n, +m ) rY(nt % )

from ventures X and Y respectively, Also, firm M receives the

rate of return (2) from venture Y and the rate of return

S Z(M - mt)

r = — = pr (M=mn
(3) ” L (i = m)
M =-mn
t
from venture Z. We shall assume
(Le€e, Tx, Py, Or T, )
Ccondition R. bverv rate of return is a conulnuous, UOSLthC“
A

valued, strictly monotonic decreasing function defined on a

Lr:,f '

closed interval [0, C] of values for its capital inputs.

This implies that the production function X is a cocntinuous
function on the interval [0, N] with X(0) = 0 and positive on
(O, N]._ Moreover, X is such that every straight line passing
through the origin and intersecting the graph of X at leasat
once over (0, N), has exactly one intersection over (0, N) and

passes from below that graph to above that graph as the independent

variable increases, Similar conditions hold for ¥ and Z,

The Behavior of the Firms
How each firm decides to allocate its capital between
its two ventures at the beginning of each investment period

(at & = 1, 3, 5, ¢s¢) 18 yet to assumed. To this end, we use



the procecdure introduced in f21 and [3]. Consider firm N,

Let = —
(1) S o —
Txt
and
’“‘“w\ i
{5) o e Ny, i
Rl . e n,

We assume that at time t + 2 firm N adjusts its investments

into ventures X and Y in accordance with the relative rates of
return from these ventures at time t + 1., It does so by increasing
(decreasing) ifs investment to that venture that provided the
greater (respectively, lesser) rate of return. Greater
discrepancies in the rates of return induce greater adjusments,

These ideas are formulated by

(6) Yoz = Bylsgs ¥y

where the function By is assumed to satisfy the following

~.conditions on the first quadrant., lere,
5’4";} l:.__t_‘_‘-__.-‘----—-——"-‘m--,m =
<y by ¥, and ; 7 bi} .

z £TA

&y 1s represented by g,

e

Conditions G. For 0 S 3 < eand 0S ¥< -,

(1) g5, 3) is nonnegative and continuous,

(1) for fixed 3> 0 (or fixed ¥ > 0), g(3¥, 3) is a

strictly monotonically increasing function of 7§ (respectively, 7),

and,

(1ii) for some fixed 50 = 1, g(?o, }) = FLop all 3,
Similarly, the behavior of firm M is determined by the

following three equations:



A5 Tyt
(7 ) ,Qw»"“' - Bt = 2
cont b I
. ReTA "‘/ zt
VR LTAX
i mi,// y
6, = i
. t M- my
(9) ’ 6t+2 = 8M(Bt’ Gt)"

where gy satisfies Conditions G with g replaced by gM; § by @t,
and 3 by ﬁt.

We set “q = EO’ when g is replaced by gys and set Bg = }O,
when g 1s replaced by 8y “o need not be equal to SO'

The meaning of Conditions G is the following. Consider
(G, let 3 = 43 3 =Y., and g = gy» &nd assume for the moment
that 5, = 1. Conditions G, especially its monotonicity
requirement with respect to ¥ and the condition g(i, 3) = 3,
insure that g(5, 7) < 3 for § < 1. But, according to (L), the
condition § < 1 means that for firm N the rate of return from
the joint venture Y is not as good as.the rate of return from
its own venture X, The fact that g(¥, 3%) <'3 when ¥ < 1 insures
 through (6) that firm N will cut back on its investment into
the joint venture Y and will increase its investmen:t into
venture X, OSimilarly, § > 1 yields g(%, 3) > ¥ and the result
that firm N increases its investment into venture Y and decreases
its investment into venture X, This is just the behavior we
Wish to model. The monotonicity requirement with respect to 3
insures that, when the ratio of returns (L) remains constant,

ad justments from higher relative investments into the jcint

i
o

ventuire yield higher relative investments into the joint

venture againe



When 45 > 1, firm K héé a bias toﬁaré.its own venture X,
That is, the rate of return ryt from Y must be larger than the
. from X in order for N to treat both X and Y as equally attractive,
When 5 = 1, there is no such preference toward X, Analogous
meanings attach to the behavior of firm M and ventures Y and Z
when SOI> 1 and BO = 1.
Equatiéns (6) and (9) taken together comprise the rules
by which the trajectory of the joint capital allocation Et =
(nt, mt) can be determined for t =3, 5, 7, ... from the initial
capital allocation (nl, ml). Indeed, (6) and (9) can be rearranged

a3 follows.

N
(10) nt+a = - = fN(nt, mt)
Lo+ r ' n
vt t
gN T )
rx o N=n .
M
(11) Mo = " .= *M(nt’ mt)
1 +
(r e Tt )
&1 %
250N h-mtj

For the sake of a simpler notation, we shall at times discard

the subscript t on the variables n_ and My e Let
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Since Bys By and the rates of return are continuous functions,
fN and fM are continuous onJi. Moreover, Conditions G insure
that‘fN and fM have continuous extensions onto the boundary of
and f,. on that

N M
boundary. In essence, we are imposing another assumptions on the

{1, which we take to be the definitions of f

behavior of the firms. For instance, we are requiring that, e
at the boundary point n = N and m € [0, M], firm N remains Ammi-f
aware of what its return r g Would be if 1t made & very small

investment into venture X.



1l

Bquilibrium Points
Bquations (10) and (11) are equivalent to (6) and (9)
respectively. From any given initial values n, and m, , they

determine time series in the n_ and m_. We say that E = (no, moJ

t t
is an equilibrium point for this system if the equations ny = n,

and m, = m, imply that n. = n, and m,_ = g Top Bl 62 3, 5; T3 waw »

t
A principal result of this paper is the following theorem, Its
proof is given in the Appendix,

Theorem 1, Let there be two firms, which, in addition to

their own exclusive ventures, may share a jolnt venture as

indicated in Figure 1. Let the time sequence El’ EE’ ES’ o

of their joint capital allocations be determined by (10) and (11),

where Et = (nt, mt). Assume that Conditions R and G are satisfied.

Then, there exists at most one equilibrium point in the interior

fig§204 When there is no equilibrium point in.ﬁ, the boundary

of 1 will have at least one equilibrium point.

Finding the equilibrium point within.ﬁ, if one exists therein,
requires a closer examination of (10) and (11). First of gLl
.the nonnegativity of &y and 8y imply that fN maps fL into [0, N]
and fH maps {1 into [0, M]le This is indicated in Figure 2, where
the point Et = (nt,lmt}e L) is mapped under the simultaneous
application of (10) and (1l) into B = (nt¢2, mt+2) € (L.

The direction of the shift from B, to B is determined by

t+2

two curves Cn and Cm’ whose derivation is also given in the

Appendix.



Cm is a continuous curve within Q. It terminates on the
lines n = 0 and n = N, With respect to the n axis, it is a
continuous monotonic decreasing curve. If any portion of it
lies within.ﬁ, the chords of that portion will have slopes
strictly less than O and strictly greater than -1, Those parts
of C, that lie on the boundary of {1l will be contained within
the ﬁ = 0 orm =M lines. Cn has similar properties except
that the roles of n and m are reversed, It follows that
there ig one and only one intersection point E between Cn
and C_. E may be anywhere within (1 including its boundary,
All this is illustrated in Figure 2. Other configurations
for C, and C_are indicated in the first column of Figure l.,

We show in the Appendix that the shift from Et to Et+2’

as dictated by (10) and (11), is toward the curves C, and C_;

that is, n = o, is a shift toward Cn’ which may or may not

T2

pass beyond Cn’ and m = my is a shift toward Cm, which also

t+2
may or may not pass beyond C_. We illustrate such shifts

in Figure 2 for the case where the individual shifts (i.e., the

'solid arrows) do not reach the said curves whereas the combined
shift passes over Cm' It is also shown in the Appendix that
when the initial point Et = (nt, mt} lies on one of the curves
(say, Cm), then there is no shift in the corresponding variable

(that is, m =m,_ )e It follows that C_1is a locus of equilibrium

t+2 t

points for the m, variable alone., Similarly, Cn is such a locus
ror n alone, Consequently, E is an equilibrium point for the
system (10) and (11) taken together. These ideas comprise the

essence of our first theorem's proof, and they lead in additiocon
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to the following corollary.

Corollary la, Uncer the nypothesis of Theorem 1, the unique

intersection point B between Cn and Cle is an equilibrium point

for the system (10) and (1l)., When E é.ﬁ, E is the only equilibrium

, ©
point within fi. When E ¢.ﬂ, there is no equilibrium point

3

Actually, the only places on the boundary that equilibrium
points other than E can occur are the four corners of L, This
is so because Conditions G allow the following possibilities,
fy(n, 0) can equal zero along an interval [w, N], where 0 S w S N
in tbe n axis,. fN(O, m) can equal zero along an interval [w, MI,
where O s W S M, in the m axis. fM(n, M) can equal M along an
interval [0, w], where 0 S w S N, in the line m = M. £ (N, m)
can equal N along an interval [0, w], where 0 S w S M, in the
line n = N. At each of the four corners, a pair of such extreme

values for f and fM can occur simultaneously. When this

N

happens, the corner can be an equilibrium point distinct from E.



