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Abstract. Two firms with constant capital run their

separate operations and in addition cooperate in a joint venture.

These three operations are periodic in that an investment at

the beginning of a period receives a payoff at the end of the

period. Between two periods each firm adjusts.its capital allocation

toward that operation that payed it a greater rate of return in

the preceding period. Tnus, each firm has a rule for capital

allocation, but we do not specify the precise values of that

rule in 'order to maintain the generality of our analysis. Given

an initial capital allocation and the producti on .fwlctions of'

the three ope rat ions, the rules c;enerate time series in the

capital allocations. It is shown that, if the firms do not

. react too strongly to differences in their rates of return and

i.f the rates o.freturn do not vary too strongly with chan8cs in

capital input, then these time series converge to a unique

globally stable equilibrium point. The location of the equilibrium

point shaHS Hhich operation Hill succeed and Hhich will fail.

It also indicates hOH the two firms will eventually interact.

~7:.i1.is wark Has su.pported.by thB Na tianal Science F\:'mda tion

G~ant Mca 78-01092.
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Introduction

We consider herein the behavior o£ two fi~ns,.which in

addition to their own operations, engage in a joint venture~

We assume that the venture as well as the individual operations

are periodic in the sense that investments made at the beginning

o£ a period receive a payoff.at the end of that period. At the

latter time, each firm is fre€ to decide how much of its capital

it will invest into the joint venture for the forthcoming period.

An example of this model.might be two farmers who jointly own

a cider mill and whose yearly capital investments are the

quantities o£ apples.they convert to cider, the alternative

being to sell the apples whole. (rrhis assumes that all apples

are of uniform quality, no rotten or bruised ones that are good

only for cider.) Another example might be two oil companies that

jointly drill offshore. At the end or each exploration, each

company is free to decide how much, if anythinG' it will invest

into the next joint exploration.

We ask whether the joint ven'turewill succeed, and, if it

does, what share of the joint venture will each firm eventually

se ttle u110n~ Actually, nine cases can ar~se bcc~use each firw

may either abandon the joint venture, abandon its own enterprise,

or support both. The case vJherea firm abandons both the joint

venture and. its own enterprise does not arise in our analysl.s

since vJe assume that the firm has a fixed amount of capital

which it must invest in either or both operations.. ~~e seek and

find precise conditions under which the nine possibilities occur.
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He attack our problem by examining the dynamic behavior of'

each firm and how it adjusts its capital allocations between its

own operation and the joint venture. In this regard, our approach

is a behaviorist one in the spirit of the Cyert-March behavioral
.

theory of the firm [1], but the behavior we attribute to the

firms is simply that they seek to improve the overall rates of
. #

return to~heir investments when adjusting their capital allocations.I

It is not a marginalist approach - at least at this point - in

that the amount of that adjustment is left unspecified. We merely

assume that at the end of each period the firm examines the tHO

rates of return it has just received and then shifts its next

capital allocation toward that enterprise that provided the better

rate of return. These rates of return are determined by the

production functions of the operations and the capital investmer;ts.

He also assume consistency of behavior: Under the same circ~mstances

(i.e., faced with the same received rates of return and the same

prior capital allocation) the firm will make the same capital

adjustment. However, the two firIns are allovJed to behave differently.

Thus, each firm is characterized by its ovm rule for adjusting

capital allocations~ This rule Hill appear as a function £:;HLlose

precise values Vie leave unspecified. 'v'Jeonly impose SOr.le ass1J.J.'T:pticns

concerning the general sl)ape of the g functions.

The adju.stment rules generate time series in the capital

allocations, and the qu.estion He are led to is Vlhether those

time series converge. The anSWer is yes if two conditions hold:

The firms must not react too sharply to imbalances in their rates

of return (they should not overreact), and the rates of return

r.mst not vc..ry -:00 radically wi th variations i:n the capital inputs
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(the operations should be relatively stable). These ideas are

made precise by Conditions H below.

Under these circumstances we show that there is one and

only one equilibrium point E tOHard Hhich the time series converge.

'Uhen none of the three operations 'are ever abandoned, E. occurs

where the three rates of return are equal - a classical marginalist

result. When one or two of the operations are eventually abandoned,

the location of E is determined by certain inequalities between

the rates of return, which we explicate in Figure ~. It's noteworthy

that tll~location of E does not depend upon the adjustD~nt rules g.

TIloseg merely determine how quickly convergence to £ occurs.

It ~s alao worth pointing out that we do not aSGwne that

the firms are in conflict, as we would were we to take a

game-theoretic approach to their interaction. Nor is the purpose

of the joint venture to coalesce interests or irulibit competition.

Its purpose is taken to be profit, and the firms take part in it

perhaps because they do not have enough capital to raaintain both it aLd

the initially ftesired levels of operation for their own enterprises

or perhaps because the joint venture may initially appear to be

too risky for B...YJ.Y company to undertake alone.

, A l'emark or two about notation: \lieuse the SYInbol (a, b)

to denote both an open interval in the real line and a point in

the real plane. \-Ihich meanint; is intended in any pa rticular

case will be clear from the context. A closed interval is denoted

by [a, b], Hhereas (a, bJ is an interval open on the left and
~ ,

t7

closed on the right. @ denotes tilliinterior of a set @, and
~ A

§ denotes its closure.j
c;,';;;-;'/.'\

, TllfTA" /~'--
''; 0..

.~",'--_/
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.The Model

. Let there be two firms, one with capital H, the other with

capital M available for investment. So as not to introduce too

many symbols, weIll refer to these firms-a3 "firm N" and "firm.HU.

Also, let there be three ventures having the production fWlcti~ons'-'

x, Y, and Z, each of the latter being a function of its total

investment. We r 11 call these "venture X.U, "venture Y", and

"venture Z ". Only firm N invests in venture X, only firm M invests

in venture Z, whereas firms Nand M invest jointly in venture Y.

'£heseinvestments are made at the times t :::: 1, 3, 5, ... .

The returns to the firms occur at times t+l::::2, 4, 6, ... .

This is Illustrated in l1'igure 1.

At time t, firm N invests the capital nt into venture Y and

the capital N - nt into venture X, and firm M invests the

capital mt into venture Y and-the capital M - mt into venture Z.

. ThrouVloutthiswork,M and N are positivenumbers,and nt and

rot are restricted to the intervals 0 ~ nt ~ N and 0 $ IDt~ M.

These investments result in the p:r'°.fitsX(N - nt) and Z(1-1 - fit)'

which are returned to firms Nand H respectively at time t + 1.

At the same time, the profit yen. + IDt. ) is divided between .firms
1:; ,,'

Nand M according to the custom~ry rule that each .firm shares

that profit in proportion to its investment. 'l'hus, firm N

re c e i ve s

nt

. Ut+l
:::: yen + )

nt + illt t mt
~

and flrm M receivos

rot

Vt+l
::::

n Y(nL + In )
t fit (., t
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from the venture Y. TI1US, at time t + 1, firm N receives the

rates of return

from ventures X and Y respectively. Also, firm 11 receives the

rate of return (2) from venture Y and the rate of return

Z(H - mt)
= r (N - m )

z. tM-m t

vie shall assume

(i.e., rx' ry, or rz)
Every rate of return .is a continuous,1\

':~-;
, 1.,..",.-

,{/-f.

posl ti va:

valued, stl"ictlymonotonic decreasing function defined on a

close~ interval [0, C] of v~lues for its capital input~.

This implies that the production function X is a continuous

function on the interval [0, N] with X(O) = 0 and posltive on

(0, N]. Moreover, X is such that every straight line passing

.through the origin and intersecting tile graph of X at lea~t

once over (0, N), has exactly one intersection over (0, N) and

passes from below that ~raph to above that graph as the independent

variable increases. Similar conditio~s hold for Y and Z.

The Behavior of the Firms

How each firm decides to a.llocate its capital between

its two ventures at tile beglnniPG of eacllinvestment period

(at t = 1, 3, 5, 00.) is yet to asswned. To this end, we usc

X(N - nt)

(N - nt)
=

rx
=(1) rxt

N - nt

and

Y(nt + mt)

(n + mt)
=

ry t
=(2)

ryt
n + mtt

(3) rzt
=

from venture Z.

Condition R.
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the procedure introduced in [2] an~ [3]. Consider firm N.

We assume that at time t + 2 firm N adjusts its investments

into ventures X and Y in accordance with the relative rates of

return from these ventur~s at time t + 1. It does so by increasing

(decreasing) its investment to that venture that provided the

greater (respectively, lesser) rate of return. Greater

discrepancies in the rates of return induce greater adjusments.

These ideas ~re formulated by

(6 ) Yt+2 = 'gN(-<t' Yt)

where the function gN is assumed to satisfy the following

..-'-~, condi tions on the first
.2.-- C# \

XJ ;:..

-< by ~, and y
eTA, t tz -_..._-----_.-..-

Cond.i ti ons

quadrant. Here, gN is represented by g,

-

by'2.
.-/"

G. F'or 0 ~ '3 < GO and 0 ~ '$ < ..,

li..)

(ii)

g ('~, ?) ..i-Ln,oill1~gf?:t.iye__.a,nc;i_c9.pt;irl1touS,

for fIxed?:> 0 (or fixed s> 0), g(r, ~) is a

s tr i ctl y mO_D-gJ;9~i~aJ,.J,y__in_Q.reas ing- f'u1}~'ti Q!1- of r (r:'.~~f3_ctively, I),

~,

(i_t~J for some fixed ~O ~ 1, g (:sO' ?) = ? for all}.

Similarly, the behavior of firm 1-1i3 determined by the

following three equations:

Let /-- -

(4)
')..-" ryt'

.(t
= -

and

rxt

(5)
,-- nt

; J_<-w:
, L;ANI'1A./--- "(t

= -
'--.------/

N - n
.

t
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(7 )

/-"",

~\,

(8)

"
..., t

" //~ :/
,.,-

BE"-'" i

\ ])Et.Tj,~

''--~ ~ 0t

(9 ) °t+2
=

gM ( (3t' 0 t ) ,

where gM satisf'ies Conditions G with g replaced by gM' 5 by "t'

and '2by Ct.

We set ""0= rO' when g is replaced by gN' and set Po = 50'

when g is replaced by gM. ""0need not be equal to f30.

The meaning of Conditions G is the following. Consider

(6), let 3 = ""t' 2 = Yt' and g = gN' and assume for the moment

that 30 = 1. Conditions G, especially its monotonicity

requirement with respect to r and the condition g(l, 2) = ~~

insure that g(3, ]) < 2 for ~ < 1. But, according to (4), the

condition r < 1 means that for firm N the rate of return from

the joint venture Y is not as good as the rate of return from

its own venture X. The fact that g Cf, :n < ? when 5 <' 1 insures

through (6) that firm N will cut back on its investment into

the joint venture Y and will increase its investment into

venture X. Similarly, '5 > 1 yields g(\, '2)> '2and the result

that firm N increases its investment into venture Y and decrea3es

its investment into venture X. This ia just the behavior we

wish to model. The monotonicity requirement with respect to }

insures that, when the ratio of returns (4) remains constant,

adjustments fram higher relative investments into the joint

vent-~~e yield higher relative investments into the joint

venture again.

ryt
= -

,

rzt

mt
,

=

M - mt
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rJhen "<0 > 1, firm H has a bias tOvTard its ovm venture X.

rfhat is, the rate of return ryt from Y must be lare;er than the

rxt from X in order for 111to treat both X and Y as equall~T attractive.

14hen "<0 ::: 1, there is no such preference toward X. Analogous

meanings attach to the behavior of firm M and ventures Y and Z

when BO > 1 and ~O ::: 1.

Equations (6) and (9) taken toe;ether comprise the rules

by w.hichthe trajectory of the joint capital allocation E~ :::u

(nt$ mt) can be determined for t ::: 3, 5, 7, ... from the initial

capital allocation (nl' ml).

as follo1-1s.

Indeed, (6) and (9) can be rearranGed

N

(10) nt+2
::: :::

fN(nt' m)1
1 +

C yt nt,
gN ,

I'xt N-nt)

1-1

(11) Irlt+2
::: :::

fn(nt' fit)1
1 +

C yt ffit)
gN '

r. H-rTlt'Z"C

For the s alee of a simpler notation, we shall at times discard

the subscrlot t on the variables n. and lHt.
Let, ... ...."
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~ '.
/' . \

/ r~ , ~ Il; t1ft;A,
. r.} /

= [en, m): 0 s n ~ N, 0 ~ m ~ M}.

Since gN' gM' and the rates of return are continuous functions,
0

fN a~d fM are continuous onll. Moreover, Conditions G insure

that fN and fM have continuous extensions onto the boundary of

il, which we take to be the definitions of fN and fM on that

boundary. In essence, we are imposing another assumptions on the

behavior of'the firms. For instance~_we are requiring that '/-:--'-~
;;.-" . - -', . .. - u,. " ")-'v-

at the boupdary point n = N and m E [0, MJ I firm N remains .;1.--J; -1-'" ..

aware of what its return rxt wo~ld be if it made a very small

investment into venture X.
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Equilibrium Points

Equations (10) and (11) are equivalent to (6) and (9)

respectively. From any given initial values nl and ~~ they

determine time series in the nt and mt. We say that E = (nO' mo)

is an equilibrium point for this system if the equations nl = nO

and ~l = mO imply that nt = nO and mt = mO for all t = 3, 5,1, ... .

A principal result of this paper is the following theorem. Its

proof is given in the Appendix.

Theorem 1. Let there be two firms, which, in addition to

their own exclusive ventures, may share a joint venture as

indicated in Figure 1.

of their joint capital

where Et = (nt' mt).

Let the time sequence El' E), E5' ...

allocations be determined by (10) and (11),

Assume that Conditions R and G are satisfied.

Then, there exists at most one equilibriQm point in the interior
0 0

.(l of 1L. \!.fb.enthere is no equilibrium point in ./1,the boundary

offt will have at least one eauilibrium point.
0

Finding the equilibrium point within~~, if one exists therein,

requires a closer examination of (10) and (11). First of all,

the nonnegativity of gN and gM imply that fN maps Jl into [0, N1

and fM maps fl into [0, M]. This is indicated in Figure 2, where

the point Et = (nt,mt) E Jl is ,mapped under the simultaneous

application of (10) and (11) into Et+2 = (nt+2' mt+2) E:i1..

The direction of the shift from Et to Et+2 is determined by

two curves C and C , whose derivation is also given in then m

Appendix.
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C is a continuous curve within~.m It terminates on the

lines n = a and n = N. With respect to the n axis, it is a

continuous monotonic decreasing curve. If any portion of it
0

lies withinJl, the chords of that portion will have slopes

strictly less than a and strictly greater than -1. Those parts

of C that lie on the boundary ofJl will be contained withinm

the m = a or m = M lines. C has similar properties exceptn

that the roles of nand m are reversed. It follows that

there is one and only oneinterseetion point E between Cn

and C. E may be anJ'whe'rewithin Jl.including its boundary.m

All this is illustrated in Figure 2. Other configurations

for C and C are indicated in the first column of Figure 4.n m

\'leshow i.nthe Appendix that the shift from Et to Et+2'

as dictated by (10) and (11), is toward the curves C and G ;n m

that is, rit+2-nt is a shift toward Cn' which mayor may not

pass beyond Cn' and mt+2 - mt is a shift toward Gm' which also

mayor may not pass beyond C .m We illustrate such &~ifts

in Figure 2 for the case where the individual shifts (i.e., the

solid arrows) do not reach the said curves whereas the combined

shift passes over C .m It is also shown in the Appendix that

when the initial point Et = (nt' mt) lies on one of the curves

(say, C ), then there is no shift in the corresponding variablem

(that is, mt+2 = mt). It follows that Cm is a locus of equilibrium

points for the mt varia.ble alone. Similarly, Cn is such a locus

for nt alone. Consequently, E is an equilibrium point for the

system (10) and (11) taken together. These ideas comprise the

essence of our first theorem's proof, and they lead in addition
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Co1rl'ectioD:-for page 13..;.. I

, ' \

Replace the last paragraph on page 11" I
!

",--,.
\ !

~~
,",
! ' ,

:1 'The only places in.o. wher'e equilibri

'-

d~stinct from E may appear are
I /

t~e four points where,C meets the edgesn

the edges n = 0 and n = NoCnl meets
\
,
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to the following corollary.

Corollar;r la. Under the hypothesis of Theorem 1, the unique

intersectionpoint E between C and C is an equilibrium pointn -- m
()

for the system (10) and (11). When E €P_, E is the only equilibrium
~ . 0

point within 11. When E ~ ft, there is no equilibrium point
<J

wi thin .1t.

Actually, the only places on the boundary that equilibrium

points other than E can occur are the four corners of 11. This

is so because Conditions G allow the following possibilities.

fM(n, 0) can equal zero along an interval [w, N], where 0 ~ w $ N,

in the n axis. fN(O, m) can equal zero along an interval [w, M],

where 0 ~ w S M, in the maxis. fM(n, M) can equal M along an

interval [0, w], where 0 ~.w ~ N, in the line m == M.
fN(N, m)

can equal N along an interval [0, w], where 0 ~ w ~ M, in the

line n == N. At ea.ch of the four corners, a pair of such extreme

values for fN and fM can occur simultaneously. When this

happens, the corner can be an equilibriumpoint distinct from E.


