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ABSTRACT

We develop a simple but novel method for calculating transport
coefficients for binary hard-sphere mixtures with one trace
componentéof extreme mass disparity (Lorentzian and Rayleighian
mixtures). The results are exact on the Enskog theory level, within
the framework of the Chapman-Enskog solution. Such mixtures allow
us to expand the solute-solvent collision integral in powers of the
mass ratio and thereby to reduce it to a differential form, from
which we can in principle calculate directly velocity moments of
various orders relevant to the fluxes instead of determining the
distribution function. Here we mainly concern ourselves with
determination of the transport coefficients through the first-order
in the mass ratio. Our results for the transport coefficients are
compared with those obtained from the lowest Sonine polynomial
approximation. We find this approximation becomes exact in a
Rayleighian mixture while it is at its worst in the Lorentz limit.
We give a brief comparative analysis of shear viscosity, bulk
viscosity and thermal conductivity in the Lorentz and Rayleigh

limits.



I. INTRODUCTION

Before Chapman and Enskogl presented a comprehensive trans-
port theory based on the Boltzmann equation in 1916 - 1917, there
had been some attempts to calculate transport coefficients, in
special cases. Among them, the model Lorent22 considered to
describe the transport of electron in metal provides an exactly
solvable éase. Lorentz noted that the problem is similar to that
of a binary mixture in which the molecule of one component has a
negligible mass compared_to that of the other. Ignoring the mutual
collisions between the particles of the lighter component, whose
motions are therefore affected only by their collision with that of
the heavy component which are regarded as quasi-stationary, he could
calculate the thermal and electrical conductivity and diffusivity
of the light particle, without having to determine the velocity
distribution function. Since it does not involve any approximations,
his results provide a standard or benchmark to test the approximation
method, i.e. the use of Sonine polynomial approximation.3

An extension of this model to include the effect of
nonnegligiblé response of the heavy component (gas) was attempted by
Pidduck4 in his study of ions in gases. He made use of Hilbert's
transformation5 of the Boltzmann equation, in which the collision
integral is reduced to a form resembling the left-hand side of an
integral equation, and he expanded the resulting collisional term

for a hard-sphere interaction up through the first order in the mass



ratio, which included the Lorentz collision term as the lowest order,
thereby yielding the first-order mass ratio correction to the
Lorentz results for the diffusivity. He also considered the opposite
limiting case, i.e. heavy ions in lighter gas molecules (which we
shall refer as Rayleighian mixtures). In this case he showed that
the Boltzmann equation can be reduced to the Focker-Planck equation,
through which the diffusivity could be evaluated directly. Although
his treatment is limited to the case of a gas in equilibrium and ions
in steady state, his results proved to be identical to the more
rigorous results of Kihara6 and Mason,7 which are based on the
Chapman-Enskog solutionl’8 of the Boltzmann equation.

A more recent extension of the "Almost-Lorentzian' gas made
by Mason et al.9 is based on the Chapman-Enskog solution. To
improve the nature of convergence in the Sonine-polynomial series
expansion for the solution of the Boltzmann equation, which is at
its worst for such mixtures, Mason et al. developed for almost-
Lorentzian mixtures a perturbation scheme which exploits the exact
results available in the Lorentz limit. Since their evaluation of
the transport coefficients is made through the use of the Sonine
polynomial expansion, their results can also be utilized in the
case of a larger region of solute composition. Thus, this work
is different from the work of Pidduck in spirit, but less
straightforward with regard to affecting the mass correction for

the trace-binary mixture in which the lighter solute particle is

¥}



extremely dilute.

The transport coefficients previously considered in the
Lorentzian mixtures have been the diffusivity (binary and thermal)
and thermal conductivity. For Rayleighian mixture, the binary
diffusivity has been the only transport coefficient that was

3

calculated exactly. The method of evaluating the transport
coefficients in the Lorentz limit (well described in the monographs
of Chapman—Cowling8and.Ferzigen—Kaperlo) is not capable of
yielding--in its strict sense of a binary mixture--the transport
coefficients such as the shear viscosity and the thermal
conductivity since the treatment is concerned only with the motion
of the light particle deflected by the stationary solvent particle.
Here we present a method of calculating, within the context of
Chapman-Enskog theory, all the transport coefficients of the
Rayleighian and Lorentzian mixtures in which the more massive
solvent particle is also mobile. To consider a wider range of
solvent density we also go beyond the Boltzmann-equation description.
We use as the starting point the revised Enskog equation,l1 which
is the only simple kinetic theory of dense fluid available that
permits analytic expression for the transport coefficients of dense
fluid. Among other things, the Enskog-theory treatment yields the
bulk viscosity which in the Lorentz limit has an interesting

physical implification. This work was motivated by our study of the

shear and bulk viscosities in dilute suspension (trace binary



mixture) for the solute particle of arbitrary mass and size}zwhere
the problem posed is how far the lowest Sonine polynomial approxi-
mations that we used remain reliable. As the result of this work,
we find they are reasonably accurate as long as the mass of the
solute particle is not much smaller than that of the solvent
particle, and in particular they are exact in the limit of large
solute particle mass.

In section II, we present a brief sketch of the standard
materials on which our subsequent developments are based: The
hydrodynamic equations constructed from the kinetic (revised Enskog)
equation and Chapman-Enskog's hydrodynamic (normal) solution of the
revised Enskog equation. In section III, we develop a theory of
transport in trace-binary mixture of mass disparity by expanding the
solute-solvent collision integral in terms of the mass ratio taken
as a small parameter. We calculate the transport coefficients
without solving the equation for the distribution function by
determining the appropriate (peculiar) velocity moments. Our
results are compared with the results of the lowest Sonine polynomial
approximation used in solving the distribution function. Some
comparative analysis of shear and bulk viscosities and thermal
conductivity in both limits are made. Our conclusions are

summarized in section IV.



II. HYDRODYNAMIC SOLUTION OF THE REVISED ENSKOG THEORY OF A BINARY

HARD-SPHERE MIXTURE

Our starting point is the revised Enskog equationll that
reads
i»«v-vf.(rv £) =} J (i,j = 1,2) (2-1)
Bt T g Sy ¢ 4 3 = 2

with the collision integral

2
J.. =0..|dvV.do(gV..)B(o-V, .
. 1”[ V,do(geV,;)e(oeV; ;)

1 1
X [gij(5,§+0ijg)fi(f,yi,t3fj{§+0ijg,yj,t)
& gl:l (-{"E-O‘ijg) fi {E,Hl’t) fj (E_Gljg}}{] st}] (2"2)

where fi is one particle distribution function (DF) of the species
i Oij is the contact distance between the center of the particle

i and j, Vji = Vj-Vi, the primes in the velocity denotes the post

collisional values, 0 is the unit vector along the apse line in

~

such a direction that the Heaviside step function B(G-Vji) imposes

the condition of the collision. is local equilibrium pair

12

distribution function at contact which depends functionally on the

local density fields.ll

Our interest here lies mainly in the hydrodynamic transport
properties of binary mixture which are considered as a homogeneous
continuum specified by the local hydrodynamic variables regardless

of any molecular disparity in the constituent molecules.



The adequate description for this situation is provided by a
contraction of the full kinetic description via (2-1) into the

hydrodynamic description for the lowest first five moments of fi:

plr,t) = E Jinmifi (2-3a)
pu(r,t) = E Jd}fimiYifi (2-3b)
2

Here n, p, u, T are the local number density, fluid mass density,
hydrodynamic velocity, and the temperature of the fluid mixture.
k is the Boltzmann constant. Applying the above definition to the
kinetic equation (2—1); one obtains the hydrodynamic equations for

the change of mass momentum, and energy:

_g.% + Topu = 0 (2-4a)
= pu+T- (ouu + ) = 0 (2-4b)
3 k| 9Ly 4evT| 4 Ved +Pevu = 0 (2-4¢)
2 at  ~ B [ -

where the momentum flux and energy flux is shown to consist of

streaming part and collisional part.13

p=p°+p"

(2-5)
S
P = z J.fimi{.\ji_g) (V-9)dyy
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P = _E.% ljjdv dv, dc@(ov )(cv )o(mv -m, V)
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In addition, we are interested in the process of the diffusion of

the one species to the other, which is described by the equation

305
S Jb(f} (2-8)

where the mass density and the mass flux are defined by

Ry = JdYImlfl (2-9)
(13 X
I dv.m:V. £, . PR30

To give specific expressions for the fluxes, fi generally

should be solved. On the other hand, in phenomenological theory



these are given by the linear constitutive relations between the
fluxes and gradients in ‘tke hydrodynamic variables, which are
i) Newton's law of friction
P = - PLen(Tus (7)) - % Voull + k(7-uD) (2-11)
ii) Fourier law of heat conduction
gT = -AVT (2-12)

iii) Fick's law of diffusion

3D = 0@, V(o /0). (2-13)

Here n, k, A, Eﬁlz is the shear viscosity, bulk viscosity, thermal
conductivity and diffusivity and P is the local hydrostatic
pressure. With these relations the hydrodynamic equations (2-4a-c)
are closed. The rigorous kinetic-theoretic foundation for this
contracted description is provided by Chapman-Enskog procedurel

of normal solution for equation (2-1), which we shall sketch
briefly below. This solution yields empirical relations (2-11),
(2-12), (2-13) as well as the expressions for the transport coeffi-
cients in terms of the molecular parameters.

In the time and length scale relevant to hydrodynamic
description {th,Rh) which is far larger than the molecular scales
(tc, ic: the mean collision time and length), the molecules undergo an
extremely large number of collisions and the ?tate of fluid is

brought very close to the local equilibrium. Thus, we look for

the solution



_ w0 I _ «0
fi = f.l + fi B fi (1+®i) (2-14)
where
. 33/2 . [V 2
o_ mj mj [Vi-u(r,t)]°)
e ni[ZwkT} P{' 2KT(z,t) (2-15)

is the local equilibrium distribution function. Substituting
this into the eq. (2-1), we observe that LHS of the equation is
characterized by the scales th, .Qh, over which the hydrodynamic

fields varies. On the other hand, the collisional term is

characterized by t , & . Hence we find &, = £./£° is in the
c o I 1% 1

order of the smallness parameter € = tC/t = RcXﬁh << 1, consistent

h

with our ansatz of local-equilibrium form as the lowest order

approximation. Noting that

9
Rcv ~ 0(e) t ks 58 v 0(g)

and equating the coefficients of the equal powers in € in RHS and

LHS of the eq. (2-1), we obtain to the order 80, E:l.

80;0=202Y

0.0
g 1JJdV dg(9+V,;)0(g-V, )(fO F - fifj)

(2-16)
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<~

0.0
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“Hy s Urg-r; b lzgus 40, 500 ] (2-17)
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fI-l = fi(}::ylst)sfl; e fl:(faylst)

1k
l égi.
Hygallryrillrgr; D =t

L n£=n£(£,t)
2 is 1 or 2, and Yij is the equilibrium pair distribution function
at contact.

Equation (2-16) is automatically fulfilled by (2-15) due
to conservation of momentum and energy in binary collision. Multi-
plied by the collisional invariants m, mivi’ %miciz, integrated
over the velocity Yi and summed over all species indices (i=1,2),

(2-17) yields the lowest order hydrodynamic equation (the Euler

equation)
¥, Veou = 0 (2-18a)
ot =
ou
p[ﬁzﬂbu.vu] + VP =0 (2-18b)
t -~ —~
%nk[-g% + uovT] + PVeu = 0 (2-18¢)

where the hydrostatic pressure P is given by

B kT{n + 2 Y Sy, J (2-19)
3 g ij7i374]

Using these equations to reduce the time derivatives on the L[HS of

(2-17) in terms of the gradients and using the fact that the

last term in (2-17) is peduced toll»l?

0 im 3
£ (z,V;, 1), [V, (r,t) - Ty + % 3 030759030V,

where M is the chemical potential of the species i, we arrive at

11



an integral equation for @i
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&

J - (2-20)

b &
Here C, = V,-u is the peculiar velocity, @, = (mi/zk'r)’éci, the

~

circle over the second-order tensor denotes its symmetric, trace-

less component, e.g.
0 - 1 2
€% - €;%-37¢; 1),

di is the thermodynamic driving force given by

~

501 1 VT S
= e 1+=., 227
< #{k’r-vu okT Pt [+8Y1J} (2-21)
and
Bl
a, = |20V 62.v, .0, - (2-22a)
i 15 371345 My
- m et OB 08 e 2-22b
= ECIinij“j " ( )
ij
i
e, = LR 8 g oL (2-22¢)



Since Iij is a isotropic operator which retains the tensorial

character of the argument &, we may write as a solution of (2-20),

£,o=fl o D, B A
1 3 K 1

1 5
with

AT T R Y
1 1 1 L 1 A s 1
A+D 2 VT

®1 - _Aiﬁgi)cl T

B B i, .

?; = -B;(¢,)¢;¢,;:Vu

H 2
%, =H (g} 'y

where each component satisfies the integral equations

[2:3%)

(2-23a)

(2-23b)

(2-23c)

A+D  _A+D, _ 0. _Jn 2 s - A+D
g Lo Gy~ ¥l B Gy {ni gy R - 2)}(1+ai) =
(2-24a)
B_.B. 0}...0 g =
§ Iij @ <1>j) = fi{Z?iigi.EB}(l-ﬁ‘Yi} = J. (2-24b)
H _H, _.0}.2>_J2 . =
§ 15 (8 + )= f.l{(3 €. - 1V E}(1+Bi) = Jj: (2-24¢)

Determination of @i by the above equations should be

subject to the conditions (2-9), (2-3b), (2-3c¢).

Being satisfied by fg, the local equilibrium, these conditions

are reduced to
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£9of - JdC. (£.-n)= 0

~1 1 i
c, 0™ c =7 Jdc £.m,C,
~1 1 1 1~1 : ~ ~1
G0 g2 &) Jdc £ |in.c
~171 12 i~i s~ iZd
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ITI. TRANSPORT PROPERTIES OF BINARY MIXTURE WITH ONE TRACE COMPONENT

OF DISPARATE MASS

To identify the linear transport coefficients, the fluxes
should be expressed in terms of the gradients in hydrodynamic and
thermodynamic variables. One can show from (2-6) and (2-7) that the

momentum and energy fluxes can be given in the formsls’15

b e {(1+Y)Jmc<:fdc %ZY[medC
5 1

~ b s L PG
q
(6 v u*'v'UEJ z g— 4 P, n (2wkTu ) 1/2 (3-1)
e & SR Lt el
2 4 4
§ (1+a. )J 5m.CLC. £.dC, - kVT ) c IJYlJ i

1,]

1/2 -1

* (2mkTu, ) i

(3-2)

The mass flux was given by (2-10). To calculate the (peculiar)
velocity moments of various temsorial character pertaining to the
fluxes, one generally has to find the solution of fi’ i€ @i,
for the integral equation (2-20) or (2-24).

However, in certain situations, one can avoid the procedure
of solving @i and proceed directly to a determination of the various
velocity moments. The binary mixture of extreme mass and concen-
tration disparity that we shall study here serves as such an example.
We consider a situation in which the impurity (solute) particles

(of the species 2) are dispersed in a solvent fluid (species 1) of

arbitrary density (nl) at such low dilution (n2) that we can

LS



16

reasonably neglect the collisions among themselves. Being mainly
concerned with finding the effect of the impurity on the transport
property through the order Ezfil where €i = g-nidzi is the volume
{raction, we start with the integral equation in the form
Illﬁél-PQE?-bI12(®1-+®2) = J1 (3-3a)

1,,(8,+9) =J, (3-3b)

As we shall see, I21(®2) plays a primary role in deter-
mining the diffusivity of the impurity and its contribution to the
transport properties such as the viscosity and thermal conductivity.
Physically this represents a change of distribution of solute
caused by the collision with the solvent particles at local equilibrium.
In its mathematical form, however, it is identical (apart from the
additional factor le in our case) to the collision integral of the
Boltzmann equation for the solute distribution function f2 when the
solvent is at absolute equilibrium. Thus, we shall utilize as

follows the results4’16

of analysis already made on the Boltzmann
equation level for our study involving 121(®2) simply by taking into
consideration the multiplicative factor le in 112(® ). In addition,
it should be borne in mind that Yz appearing in this Boltzmann
equation expression of 121{®2) should be replaced by 92, the peculiar
velocity, since we are concerned with the relaxation into local
equilibrium (2-15).

In the case in which the solute particle is much more

massive than the solvent particle (m1 << m2) the velocity of a



heavier solute particle undergoes a very small change during its
encounter with a solvent particle. In this process, the small
change, C2 C2 can be regarded as a natural smallness parameter

which enables us to expand @é-@z as

' _3@2 1 3 30 . ot o at
0%t 5, Gt T a,  CrS GG e B9

According to the calculation done by Uhlenbeck and Wang—Changl6
on the Boltzmann-level equation, the above expression up through

the second order leads to the form for I21(®2):

R
1,,(8,) = olzylzfzjdylfl[dc(c V.,)0(0V. ) (85-8,)

) éfﬁ]-nl [mcr] _ [ 9% kT 3 a®2]

3'm2 mi 12 1271 ~2 BCZ mz BC2 8C2
SR L[ LkT B
- M2 392 ~2 My aCz
=m (1) ’
T om, R f2 (3-3)
_ 8 5 2 .
ER =30 (Zﬂm kT) 12Y12 (3-6)
where
1y _ 8 21kT 3 . kT 9 3
Rz =3 1[ m; ] PP 3Cs [§2+m2 3C; (-7)

We find (3-5) takes the form of Focker-Planck collision term with the

friction coefficient ER, which describes the Brownian motion of
the particle in the bath of the lighter fluid particles. This

case of a binary mixture has been studied by a good many

75161718

authors, and shall be referred19 as Reyleighian for a

17



historical reason; specifically for the situation described by the
equation (3-5) we denote by R; since it corresponds to the
expansion in terms of ml/m2 up through the first order. Higher

order expansion will result in introducing RZ’ R,, etc. Though

3’
the calculations of R2, R3 are apparently straightforward and not
difficult, we shall here confine ourselves to R1 only.
Multiplying (3-5) by C2, cgcz, Cg, and C%Cz, respectively, and

integrating over C2, we are led to

~

JI§1(®2)§2d92 e %J £,C,46, (3=82)
Jlgl (¢2)§g§2d92 =- 2?2}3' j(gggzﬁzdgz (3-8b)
Jigl (@2)(:3‘192 s En%_ Hcg s %ﬂ £,d6, (3-8¢c)
JI§1(¢2)C252‘192 = ’ET% HlﬁT C,p- 3C§§2] £,d¢, (5~8d)

The case opposite that of a Rayleighian mixture is the
Lorentzian mixture, in which the mass of the impurity particle is
negligibly 1light compared to the solvent particle. The smallness
parameter that exists in this situation is %mz(Céz— Cg) (the change
of the kinetic energy induced by collision with the heavier particle)
or the mass ratio m2/m

The limit m2/m -+ 0 corresponds to the

1’ 1
so-called Lorentz limit in which a light particle is elastically

scattered by a quasi-stationary solvent particle with its kinetic

energy preserved.  In considering the case of small but nonvanishing

C;Z— Cg or mz/ml, one may seek the expansion of ®é~¢2 in terms of



19

céz-cg in a manner analogous to that which we have done for the case

of Rayleighian mixture. However, it appears that such a procedure
is not so straightforward here except when ¢2 is an isotropic
function of 92, ingy @2(9 j = @2(C2}. Thus, it turns out to be
more tractable to start with Hilbert's Version5 of the Boltzmann
collision term, in which @;-@2 is already integrated out over the
angle g and the collision term appears in a form resembling the
left-hand side of an integral equation. According to Pidduck's

generalization4 of Hilbert's form to the case of binary mixture,

121(®2) reads

L., = JK{.gz,g‘z)fzigpdg; - k(C,)£,(C)) (3-9)
| .
K(C,p,C)) = [ZEiT} 01;3%;12 exp L'gﬁfgfif
(4Q%u? + au (2u -1)QR” + (Zul-l}zn“}} (3-10)
i 2
K(C,) = 21,07, ﬁ%%;’w{{gﬁT] CZ} (3-11)

where

2 2 X_z
Px) = x e X + (2x°+ 1)L e dy

m;
mp+me

' ' B
R=[C-C)l, Q=0C,0(C-C)s ) =

Pidduck proceeded to an expansion of IZI(QZ) up through linear order

in mZ/ml, yielding



