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ABSTRACT

We apply the recently developed ladder approximation (LA) for three- and
four-particle correlation functions to the thermodynamic perturbationtheory. We
calculate the first correction in the perturbative expansion of the pair correlation
function, and the second correction in the expansion of the free energy of a fluid of
particles interacting via a hard-sphere reference potential plus a perturbing term.
Both calculated quantities depend on the three- and four-particle correlation func-
tions of the reference system. The results for the free energy are in good overal
agreement with computer-simulation data over a wide range of densities, up to the
hard-sphere fluid-solid phase transition. The results for the pair correlation func-
tion are in good agreement with computer-simulation data except near contact at

high densities.
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I. INTRODUCTION

The present paper is one of a series in which a powerful new method of calculating '
three- and four-particle correlation functions is considered. Our t‘tpfai'o:;ch is based
on the generalized Ornstein- Zernike (OZ) formalism for many-particle correlation
functions, developed recently in refs. 1 and 2 (hereafter referred to as I and II).
As with the standard OZ equation for the pair correlation function, the generalized
OZ equation (GOZE) derived in I is a convenient starting point for approximate
evaluation of the three- and four-particle correlation functions in simple fluids. In
this paper we apply the simple closure approximation for the GOZE, leading to
a ladder approximation(?+2) (LA). The LA corresponds to a resummation of the
ladder diagrams in the h-bond Mayer graph expansion of three- and four-particle

correlation functions(2:3); hence its name.

Many-particle correlation functions, in particular three- and four-particle func-
tions, play an essential role in numerous problems of both equilibrium and non-
equilibrium statistical physics. Such functions appear in various sorts of thermo-
dynamic perturbation theories,.("s) in a cluster expansion of the dielectric constant
of fluids and suspensions,(6:7) in the theory of depolarized interaction-induced light
scattering,(®:9 in the kinetic theory of dense fluids(1°~13) and suspensions,(!4), in
calculating quantum corrections to the equation of state of fluids(!%), and in many
other applications. While there is 2 fundamental need for detailed knowledge of
three- and four-particle correlation functions, there is still a lack of good evaluation
methods. The most frequently used, the Kirkwood superposition approximation
(KSA) for the three-particle correlation function and its generalization to the four-
particle correlation function, are not reliable. For high densities the superposition
approximation often gives poor, results and it is not easy to tell @ priors for which

functionals of three- and four-particle correlation functions it will yield good results.
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One of the goals of the present paper, as well as the other papers of this series,
is to test the accuracy of the LA by comparing results it yields with computer-
simulation data. (In future work we intend also to explore oth_er: more sophisti-
cated approximations based on the GOZE, which facilitate full satifa:fa.;tion of the
core condition for the three-particle correlation functions.(1¢) ) In ref. II the LA was
applied to a numerical evaluation of the dipole-dipole-interaction correlation func-
tions for a hard-sphere (HS) fluid. The dipole-dipole-interaction correlation func-
tions are present in expressions for the dielectric constant for nonpolar, polarizable
fluids,(17:18) and for the integrated intensity measured in depolarized interaction-
induced light scattering experiments(®:7). The comparison of the LA results with
computer-simulation data(19:20) ghow qualitative agreement for a very wide range
of densities, up to the fluid-solid phase transition. On the other hand in this context

for high densities the KSA completely fails.

In the present paper we give another example of an application of the LA which
is of great importance in liquid-state theory. We present results for thermodynamic
perturbation theory.(4:5) We consider a fluid, for which the pair potential can be
profitably separated into a short-ranged reference potential and a perturbing term.
With such a separation, one can use perturbative techniques to evaluate various
properties of the fluid, provided that appropriate properties of the reference system
are known. In this paper we are interested in the evaluation of the second-order
correction in the expansion of the free energy, and the first correction in the corre-
sponding perturbation expansion of the pair correlation function. To calculate these
quantities one needs an appropriate combination of two-, three- and four-particle
correlation functions for the reference system which can be expressed in terms of
the functional derivative of the Helmholtz free energy with respect to the pair po-
tential. We denote this combination by A. To evaluate the function A we use here

the LA. All numerical results we present were obtained for a HS reference potential.



Comparison of the LA results with computer-simulation data allows us to estimate

the validity of the LA for various densities and various configurations of particles.

Thermodynamic perturbation theory has previously been considered in many
papers. In particular, Smith et al.,(21) Alder et al.,(32) and Henderson et al.(23)
have calculated both the second-order term in an expansion of the free energy
and the first order term in an expansion of the two-particle correlation functions
directly from computer simulations. They considered a square-well fluid with a HS
reference potential. Stell and Weis(?4) have obtained Monte Carlo (MC) results for
the difference between the pair correlation function for a HS and HS with added
Lennard-Jones (LJ) tail systems. We use their data to test the LA, along with very

new data generated by Weis.(25)

It is interesting to note that the correlation function A of the perturbation
theory appears as a natural object of the generalized OZ formalism presented in
refs. I and II. In these references the set of functions describing equilibrium corre-
lations between two pairs of particles was considered. A full pair-pair correlation
function was defined in a natural way, and it was then separated into the reducible
and irreducible parts. The reducible pair-pair correlation function was defined as a
sum of the contributions to the full pair-pair correlation function for which the two
pairs are correlated through a chain of single intermediate particles. The sum of the
remaining contributions, i.e. for which a single intermediate particle cannot be dis-
tinguished, forms the irreducible pair-pair correlation function. One can show that
the irreducible pair-pair correlation function is equal to the function A appearing

in thermodynamic perturbation theory. We will address this point in the present
paper.
In the next step the direct and indirect pair-pair correlation functions was in-

troduced. The indirect pair-pair correlation function is a sum of those contributins
to the irreducible pair-pair correlation function for which the two pairs are corre-

lated through a sequence of intermediated pairs of particles. This is an extension
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of the idea that goes into the usual Ornstein-Zernike equation. The direct pair-pair
crrelation function is a sum of those terms for which f) an intermediate pair of
particles cannot be distinguished, and which #f) cannot be expressed as a simple
combination of usual two-particle direct correlation functions. The GOZE derived
in I relates the irreducible pair-pair correlation function to the direct pair-pair cor-
relation function and includes also two-particle full and direct correlation functions.
The closed integral equation for the irreducible pair-pair correlation function, cor-
responding to the LA, was obtained by neglecting the direct pair-pair correlation
function in the GOZE.

This paper is organized as follows. In Sec. II we introduce the basic formulas
of the thermodynamic perturbation theory. In Sec. III the main elements of the
generalized OZ formalism are recalled and expressed in the functional differentiation
language. Next, the LA for the three- and four-particle correlation functions is
formulated. In Sec. IV the numerical results for the perturbative corrections to
the pair correlation function and the free energy are presented. We close our paper

with some concluding remarks in Sec. V.

II. THERMODYNAMIC PERTURBATION THEORY

We introduce now the basic formulas of the thermodynamic perturbation theory.
We express them in a form suitable for the discussion of their relation to the gener-
alized Ornstein-Zernike formalism.(1+2) (For review of various methods of thermo-

dynamic perturbation theory see e.g. refs. 4 and 5).

We consider a uniform equilibrium system of identical classical pai'ticles en-
closed in a volume V, described by the grand canonical distribution function. The
average number of particles is denoted by N, the density by n, the-temperature
by T, and the standard notation § = 1/kpT is used, where kp is Boltzmann’s
constant. The position of ith particle r; is denoted by (s).
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We assume that the particles 1 and j interact via a spherically symmetric pair
potential ®,(i7) which is divided into a reference part ®5(:7) and the perturbation
€®%(15) so that -

®2(i5) = 3(i5) + @5 (:). I (2.1)
For convenience we have introduced a parameter € which measures the strength of
the perturbation. With such a partition of the pair potential, for a given temper-

ature and density, the Helmholtz free energy F = F [®;] can be expanded around
the reference value F(®) = F[®}]:

oo
F=FO 4+ (Be)kFk), (2.2)
k=1
The k-th term in expansion (2.2) can be easily expressed in terms of a functional

derivative of the reference-system free energy with respect to the pair potential

-k k k
Wb P ' 6*F p(iit
F o fdlfdl fdk/dk (6@2(11')---5@2(kk')),,E%(" )s
(2.3)
The functional derivative in eq. (2.3) is defined in a usual way and is evaluated at

constant temperature, constant uniform density n, and at $; = &7.

The expression (2.3) for successive terms in the expansion (2.2) can be simpli-

fied by using a well-known relation

3m) = (707, (2.4
where n,(ij) = n?g,(i5) is the two-particle reduced distribution function. We
assume that the thermodynamic limit is taken in eq. (2.4) after the functional
derivative is calculated. Using eq. (2.3), the relation (2.4) specified for a reference
system, and the assumption that in bulk the system is uniform one gets in the
thermodynamic limit the following expression for the first term in the perturbative
expansion of the Helmholtz free energy per particle: -

M= %ﬂ = %nkBT f d2¢{” (12)82(12), (2.5)
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where the superscript (0) indicates that that the pair distribution function g; is
evaluated for &, = ®5. The function f(1) depends on the properties of the reference
system through the two-particle distribution function only. Since for many systems
there are good approximations and a number of computer—simula.tibn_data for the

two-particle distribution function, calculation of f{1) usually does not cause much

difficulty(5:21,22),

To evaluate the second-order term in the expansion of the free energy one needs
the first derivative of the two-particle distribution function n2(12) with respect to
the pair potential. We define the function A by the following expression

%A(u |34) = — (%ﬂ%)n. (2.6)

With this notation, in the thermodynamic limit, one obtains from (2.3) and (2.4) the
following equation for the second term in perturbative expansion of the Helmholtz

free energy per particle:

(2)
@ = FTV" = -%nskBdezde/MA(°)(12 | 34) 85(12)®5(34), (2.7

where, similarly as before, the superscript (0) indicates the reference-system value

of the function A.

The function A(12 | 34) can be expressed in terms of two-, three- and four-
particle equilibrium correlation functions of the reference system. Such a relation
is discussed in the next section. We will see that the function A can be numerically
evaluated in the LA, and the results can be applied to thermodynamic perturbation
theory.

The expansion similar to (2.2) can be also introduced for the pair distribution
function of the perturbed system: _

[ - =]
k
g2=9"+ Y (Be) gV, (2.8)
k=1



In this case already the first-order term ggl) depends on the function A:

oM (12) = —-;.nﬁ / ds3 f d4 A (12 | 34)85(34). _ (2.9)

The quantity ggl) can be evaluated using the LA and numerical results of the

evaluation are presented in this paper.

The problem of calculating the functions f(2) and ggl) have been addressed
previously in many papers(5:21=24) The functions have been evaluated for various
systems using both computer simulations and the KSA. The comparison of the
results shows that the KSA is in substantial error for high densities and that there

is need for a better approximation.

III. LADDER APPROXIMATION FOR THE IRREDUCIBLE PAIR-
PATIR CORRELATION FUNCTION

In this section we describe an approximate method of evaluating the function A,
based on the LA introduced in refs. I and II. To this end first we need to know
the relation between the function A, defined by eq. (2.6), and the irreducible
pair-pair correlation function discussed in refs. I and II in the framework of the
generalized OZ formalism. The problem of this relation has been already considered
in ref. 10b) in a different context. It was shown there that the function A and
the irreducible pair-pair correlation function are identical. We repeat briefly the
arguments appropriate to our present purpose, and we put the generalized OZ

formalism in the context of functional differentiation.

Following ref. 10b) we define, in terms of functional derivatives, the set of
functions Q;;. For our present purpose it is sufficient to consider ¢,5 = 1,2 only. It

is convenient at this point to assume that the equilibrium system of particles under

']



consideration is subject to an arbitrary external field ®,. The local number density

at the point (z) is denoted by n(s). With this notation we can conveniently define

con-(58),. e

n® _ én(1)

_2"Q12(1 | 23) = - (W) 5, y (3.3)
and

nt na

™ a1z 34) = - (3;—5%)@ - (34)

We also introduce the function Q{3*(1 | 2) defined by the functional derivative

inverse to (3.1):

erein=- (8. - (25)

(The above definitions, and the definitions of all other quantities introduced in this
section are general, valid for any interaction potential. In the application to the
thermodynamic perturbation theory the quantities are evaluated for the reference

system with &, = 0.) The functional derivatives of egs. (3.1) and (3.9) obey the

[ (66?((21)))% (66;1((23)))4,2 =5(-3). (2)

Taking into account known properties of the functional derivatives, it is not

following identity

difficult to express the functions Q,;, where ¢ = 1,2, in terms of k-particle equi-
librium correlation functions gi, with k = 2,3,4. The explicit expressions are as
follows:
Qu(l]1)= %6(1 1)+ ha(1-19), (3.7)
Q2:1(12 | 1') = Q12(1' | 12)

1 ' (3i8)
== (6(1—-1")+6(2—1")) 92(12) + g3(123) — g2(12),
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and

Q:2(12|17) = — [6(1~ 1)6(2 - 2') + (1 — 2)6(2 — 17] g2(12)

- %[(5(1 -1)+6(2-1"))gs(122") + (6(1-2") + 6(2 - 2’_))'_&3(121')]

+ 94(121'2') - g2(12)g2(12"),
(3.9)

where
hg(lz] = 92(12) - 1. (3.10)

Taking into account the expression (3.7) one can easily see that eq. (3.6) is equiv-
alent to the standard OZ equation and that the function Qi7" can be expressed in

the form

Qa1 ]2)= —6(1—2) —c3(1-2), (3.11)
where ¢3(1 — 2) is a two-particle direct correlation function.

By comparing egs. (3.7)-(3.9) and (3.11) with egs. (2.9)-(2.11) and (2.15) of
ref. II one immediately arrives at the conclusion that the functions Q, in the present
paper defined in terms of functional derivatives, are identical to the functions Q of
refs. I and II. In refs. T and II the functions Q;; were defined as the correlation
functions between two groups including ¢+ and j particles respectively. In particular,
the function A(12 | 34) describes the correlations between the two pairs of particles

(12) and (34); we call this function the pair-pair correlation function.

We are now in position to prove that the function A defined by eq. (2.6) is
equal to the irreducible pair-pair correlation function considered in refs. I and II.

Let us consider the following functional-derivative identity:
(én,(lz ) fd5f“6 (6712(12)) (6@1(5)) ( én(6) )
6®2(34) &, 6®,(5) én(6) &, 6P2(34) F'3
602(34) /
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Using notation (2.6) and (3.1)-(3.5) one can rewrite eq. (3.12) in the form

(2130 =r* [ a5 [wonzisirGIO@u@Els
+A(12 | 34).
Eq. (3.13) is identical to eq. (2.13) of ref. II. It describes the decomposition of
the pair-pair correlation function Q22 into the reducible part (the first term on
the rhs of this equation) and the irreducible part (the second term A). It follows
immediately that the function A given by eq. (2.6) is identical to the irreducible
pair-pair correlation function defined in I and II. (In ref. I the irreducible part was
denoted by ()Q{2)). One can show(1129) that the reducible pair-pair correlation
function, defined in eq. (3.13) corresponds to the situations in which the pairs
of particles (12) and (34) are correlated through a chain of a single intermediate
- particles. The irreducible part A(12 | 34) correspond to the case in which no single

intermediate particle can be found between (12) and (34).

In ref. I a detailed analysis of the structure of the irreducible pair-pair corre-
lation function A was given. This analysis led to the derivation of the GOZE. The
GOZE can be expressed in the following form(2)

"?2 ds f de A" (12 | 56) A(56 | 34) = I(12 | 34), (3.14)
where
1(12 | 34) = % (6(1—3)6(2 — 4) + 6(1 — 4)6(2 — 3)) , (3.15)

and the inverse integral kernel A**° is decomposed as follows:

A™(12 | 34) = E2(%)-1'(12 | 34) — D(12 | 34), (3.16)

with D given by
D(12 | 34) = (1 + 15(34)) [%cz(13)6(2 —4)
+ ’—116(1 — 8)ca(24) — cg(13)c2(24)] (3.17)
+C22(12 | 34).
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The operator P(34) in eq. (3.17) permutes the variables (3) and (4). It can be
shown that the function C32(12 | 34) is the only term on the rhs of eq. (3.17) with
a group property, i.e. which vanishes when the distance between any two of the
particles (1), (2), (3), and (4) tends to infinity. The Mayer-graph analysis of egs.
(3.14)—(3.17) leads to the conclusion that C32(12 | 34) corresponds to the cases
in which there are no intermediate pair of particles such that (12) and (34) are
correlated only through it. Therefore C22 can be naturally interpreted as a direct
pair-pair correlation function and eq. (3.14) supplemented with the decomposition

(3.16)—(3.17) as a GOZE.

It is interesting to note that the GOZE (3.14) can be cast into a form analogous
to (3.10) for the standard OZ equation. Taking into account that the pair potential
is symmetric with respect to the permutation of the variables one can rewrite (3.14)

f /dﬁ (ii:(”))n (%‘iﬂ(%)n = 2 (6(1-3)6(2— 4) + 6(1 ~ )82 ~ 3))
(3.18)

The underlying structure of a correlation functions is more complicated for the pair-
pair GOZE then for the standard OZ equation and the additional decomposition
(3.16)—-(3.17) of the function A*"* is an inherent part of the formalism. Functional-
derivative expressions (3.6) and (3.18) form a part of a general scheme. In this
scheme the GOZE of an order 1 can be expressed as a relation analogous to eq.
(3.18) but with the functional derivative of the i-particle density n; with respect to
an s-particle potential, with the densities n;, kept constant for j = 1,...,s — 1.(26)

As with the standard OZ equation, the GOZE is not a closed integral equation
for the irreducible part of the pair-pair correlation function. For the purpose of
evaluating the function A, the GOZE has to be supplemented by an appropriate

closure approximation for the pair-pair direct correlation function A. The simplest
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possible approximation, corresponding to a resummation of the ladder diagrams in

the h-bond expansion of the function A, is obtained by setting

Cz; =0. R (3.19)

By inserting expression (3.19) into the GOZE one gets the following closed integral

equation for the function A

A(12 | 34) — n? g, (12) f ds [ dé (-'1;6(1 —5)ca(2 - 6)

1 (3.20)
+ —6(2~6)ca(1~5) — ea(1 — 5)ca(2 — 6) | x A(56 | 34)
= g2(12)(6(1 — 5)6(2 —6) + 6(1 — 6)6(2 — 6)).
Equation (3.20) allows as to approximately evaluate the function A in terms of the

two-particle correlation function.

In ref. II, eq. (3.20) was used to calculate the dipole-dipole interaction cor-
relation functions that appear in the theory of the dielectric constant of nonpolar,
polarizable fluids and in the theory of depolarized light scattering. In the present
paper we apply this equation in the thermodynamic perturbation theory and cal-
culate the quantities f(?) and g(1) defined by eqs. (2.7) and (2.9).

IV. Numerical results

We are now in position to present our numerical results. We have performed calcu-

lations based on the LA for two systems, both with a HS reference potential:

rreon _ JO  forr; <o
®3(15) = {oo for ri; > o, (4.1)

where o is a HS diameter and r,; is a distance between particles ¢+ and j. The first
of the systems considered has a square-well (SW) perturbation correction to a pair

potential:

-1 forry; < d;
Plesy — iy > 4,
®305) = {0 for r; > d. (4.2)
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In the second case the perturbation potential is a LJ tail:

i » 1/6,,.

4 [(0/rij)*? — (0/ri;)8] for ri; > 21/%0,
In both cases the strength of the perturbation is measured by the I;arhameter € in

the expression (2.1).

To numerically solve the eq. (3.20) and evaluate the quantities f(2) and ggl)
given by the respective expressions (2.7) and(2.9), we have used the algorithm
which was described in detail in ref. II. As input we have used a Verlet-Weis
parametrization of the HS pair correlation function.(2”) Without giving details, we
only mention that by multiplying eq. (3.5) by the perturbing potential ¢5(34)
and integrating with respect to the variables (3) and (4) one arrives directly at
an integral equation for the function ggl). This greatly simplifies the numerical
problem, since in this way one only has to solve an integral equation for a function of
one variable. The free-energy correction f(2) can then be evaluated by integrating
ggl) with a perturbation potential &5 [cf. egs. (2.7) and (2.9)]. The integral
equation have been solved using fast Fourier transform techniques. It takes only
a few minutes of CPU time on a VAX 11/780 to obtain the solution for a given
density.

First we describe the results for a SW perturbing potential. We have calculated,
using the LA, the second-order correction to the free energy f(?), for a number of
SW widths and a wide range of densities. The results are presented in figs. 1-3. In
figs. 1 and 2 the dependence of the the LA results for the free energy per particle on
the reduced density no® for various SW widths are presented. The best fits to the
~ MC data, by Henderson et al.(23), are also given for the comparison. (Henderson et
al.(23) and Smith et al.(?1) have evaluated the integrals (2.7) and (2.8) for f(?) and
gé" directly, using the MC method). One can see that the LA and the MC results

are in qualitative agreement for a very wide range of densities. For the SW width
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