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Abstract - Defined and examined herein are transfinite random walks. These are ran-

dom walks on a generalized version of a graph that consists of many infinite graphs connected

together at their infinite extremities. Those connections are made by "I-nodes" and allow

a random walker to "pass beyond infinity" through a I-node. The probabilities for such

transitions are obtained as extensions of the Nash-Williams law for random walks on ordi-

nary infinite graphs under the nearest-neighbor rule. The analysis is based on the theory

of transfinite electrical networks, but it requires that the transfinite graph have a structure

that generalizes local-finiteness for ordinary infinite graphs. Branches that are incident to

I-nodes are allowed, which complicates the transitions through infinity. Another general-

ization achieved herein is an extension to transfinite networks of the maximum principle for

node voltages. Finally, it is shown that a transfinite random walk can be represented by an

irreducible reversible Markov chain, whose state space is the set of I-nodes.
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1 Introduction

Analyses of random walks on count ably infinite graphs are invariably restricted to graphs in

which two nodes are either connected by a finite path or not connected at all; see the survey

by Woess [8], which contains an extensive bibliography. This work develops the concept of

a random walk on a transfinite graph, an idea initiated in [11] and [12]. Transfinite graphs

.in turn were defined and developed in [9] and [10]. The simplest kind of transfinite graph,

called a "I-graph", can be obtained by connecting together ordinary countable infinite

graphs (now called "a-graphs") at their infinite extremities. Those connections are made

at "I-nodes" - a generalization of ordinary nodes, which are now called "a-nodes". As a

result, two a-nodes may not be connected in the usual sense - that is, through a finite

path - but may instead be connected in a weaker and more general sense: One may get

from one a-node to the other by tracing along a finite number of infinite paths, where the

transition from one infinite path to the next is via a I-node.

Once graphs have been generalized to the transfinite case, so too can random walks be

generalized. Indeed, an ordinary random walk can be defined on a locally finite a-graph

by assigning real positive numbers gj, called "conductances," to the branches bj and then

using the nearest-neighbor rule: The probability that a random walker 1Jiwill proceed from

a a-node no to an adjacent node nk in one step is gk/ L9I, where the summation is taken

over all nodes nl adjacent to no and gl is the conductance of the branch connected between

no and nl. From this, one can derive relative probabilities oftransition between nonadjacent

nodes. For example, let no be any node and let JV1and /V2 be two disjoint sets of a-nodes

such that N1 U N2 separates a finite subgraph containing no from the rest of the graph.

~ ash-Williams [6] has shown that the probability of 1Jistarting at no and reaching some

node of N1 before reaching any node of N2 can be obtained electrically; it is the voltage

at no when the nodes of N1 are held at 1 volt and the nodes of JV2 are held at a volt. By

taking certain limits and other extensions, one can extend this result to define a random

walk on a transfinite graph [11], [12]. This requires new definitions for the probabilities

for transitions to and from nodes of higher ranks. Appropriate ones can be devised using

electrical criteria, much like the Nash-Williams law. In this case, the random walker 1Jimay
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"wander through infinity" to reach nodes infinitely far away.

In this work, we develop a theory for random walks on a transfinite graph of rank 1.

This is accomplished by relating those walks to an electrical network having a graph of

that rank. In an earlier version of our theory [11], [12], a number of strong restriction were

imposed. One of these was the imposition of Halin's finitely chainlike structure for ordinary

infinite graphs [2], [3]. That assumption happens to be much stronger than need be, at

least in the case of I-graphs. The objective of this paper is to weaken it and to obtain

thereby more general kinds ofrandom walks on I-graphs. For example, in [11] the only way

W could reach a I-node was through an infinity of steps because no branch was allowed to

be incident to a I-node through an embraced a-node. However, such branches can appear

in transfinite graphs, and hence a random walk might also reach a I-node in finitely many

steps. Our objective now is to construct a theory for this more general kind of random

walk. This requires substantially altered arguments because W can now "wander through

infinity" in different ways.

Actually, nodes of still higher ranks may also embrace nodes of lower ranks. Hence,

the ideas developed herein may be extendible to transfinite random \valks on graphs whose

ranks exceed 1. This hopefully will be the subject of a subsequent work.

We use the definitions and terminology of transfinite graphs as given in [9] or [10], but

all the ideas concerning transfinite random walks are defined herein. After conductances

are assigned to branches, we will say "network" instead of "graph." Our arguments are

based upon the theory of transfinite electrical networks.

The next section establishes a needed decomposition for I-graphs arising from the re-

moval of the connections at infinity. A structure that extends the idea of local finiteness

to I-nodes is presented in Section 3, and Section 4 adds the electrical assumptions that

empower a theory of transfinite random walks. This permits the connection of pure voltage

sources to infinite extremities of the network, as is prown in Section .5; in general, such

connections are not permissible because some infinite networks effectively short those ex-

tremities [9, Sections 3.6 and 3.7]. Other requirements of our theory are the existence of

node voltages and a maximum principle for them; these too are not in general available
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[13], but our restrictions allow their establishment in Section 6. The definitions of transfi-

nite walks are given in Sectio_n7, and then a theory for transfinite random walks based on

electrical networks is developed in Sections 8 and 9. Finally, it is shown in Section 10 that

transitions between I-nodes are governed by an irreducible and reversible Markov chain.

2 Subsections and Cores

Let g1 be a I-connected I-graph with no infinite O-nodes, no self-loops, and no parallel

branches. Embraced O-nodes are allowed; that is, branches may be incident to I-nodes. By

definition of a I-graph, g1 has a countable infinity of branches and at least one I-node.

The presence of branches incident to I-nodes complicates matters considerably. In order to

develop a theory for random walks on I-graphs, we now have to identify a more detailed

structure for the I-graph.

The opening of a I-node n1 will mean the replacement of n1 by singleton I-nodes. one

for each O-tip in n1, and by singleton O-nodes, one for each elementary tip embraced by

n1 if there are any. Let us now partition the set of branches in g1 into subsets as follows:

If two branches remain O-connected after all the I-nodes of g1 are opened, then those two

branches are taken to be in the same subset. The reduced O-graph induced by the branches

in anyone of those subsets will be called a subsection of g1. Some immediate consequences

of this definition are the following: Every subsection lies entirely \vithin some O-section of

g1; moreover, each O-section is partitioned by some or all of the subsections, and so too is

g1.

Ivery ordinary O-node of a subsection Sb is identical with a O-node in g\ that is. those

two O-nodes have the same incident branches. However, an embraced O-node nO of g1

may have some incident branches in Sb and some not in Sb. As a result, the corresponding

reduced O-node n~ of Sb may be a proper subset of nO. Nonetheless, we can uniquely identify

n~ to nO and will say that nO itself belongs to Sb - as well as to any other subsection having

branches incident to nO. We also say that the I-node n1 that embraces nO is incident to Sb,

and conversely.

Furthermore, if gr is any reduction of g1 with respect to any subset of branches. we
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can identify each O-tip t' of gr with the unique O-tip t of g1 that contains t' as a subset. In

fact, t' f---7t is an injection. We say that gr has or possesses t as a O-tip if there is at least

one representative of t that lies entirely in gr' In this sense, every 0-tip of gr is a 0-tip of

gl. In the same way, we can identify each reduced I-node with exactly one of the original

I-nodes of gl.

Lemma 2.1. If a subsection Sb has no ordinary O-node, it consists of a single branch.

Proof. Since there are no self-loops, every branch of Sb is incident to two I-nodes.

Lpon opening the I-nodes, we disconnect such a branch from all other branches. Hence,

that branch must be a subsection by itself. 0

Lemma 2.2. If a subsection Sb has exactly one ordinary O-node nO, it is a star graph

u'ith nO as its central node.

Proof. By the preceding proof, no branch of Sb is incident to two I-nodes, for otherwise

that branch would be a subsection by itself with no ordinary O-node. Hence, every branch

of Sb is incident to nO and to a I-node. )'Ioreover, since there are no parallel branches, Sb

must be a star graph, as stated. 0

We will need still another idea. The core of a subsection Sb having two or more ordinary

O-nodes is the reduced O-graph induced by all branches of Sb that are not incident to 1-

nodes. (We will argue in a moment that there is at least one such branch.) In the special

case where Sb has exactly one ordinary a-node nO, its core is taken to be nO. When Sb has

no ordinary a-node, it core is void. Thus, all the nodes of a core of a subsection Sb are

precisely the ordinary O-nodes of Sb (where, as usual, we identify a reduced O-node n~ with

the a-node of g1 that contains n~ as a subset).

Lemma 2.3. If a subsection Sb has two or morE.ordinary O-nodes, its core has at

least one branch and is O-connected through itself. Alorwrer, every embraced node of Sb is

adjacent to a core node of Sb.

Proof. If the core has no branch or if the core has two nodes that are not O-connected

through the core, then the opening of the I-nodes incident to Sb will change Sb into two or

more components. This contradicts the hypothesis that Sb is a subsection.

The second sentence of the lemma follows from the fact that a branch that is incident
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to two I-nodes is a subsection by itself. 0

It follows now that every two nodes of a _coreare connected by a O-path that remains

within the core and therefore has no embraced nodes.

For an illustration of subsections and cores, refer to Figure 1. The heavy dots represent

ordinary O-nodes; the heavy lines represent I-nodes, each of which embrace a O-node (not

shown); the other lines represent branches; and L1 and L2 label two doubly infinite ladders,

whose O-tips are embraced by the I-nodes. All branches are O-connected; for example, b3

and b4 are O-connected through the O-node embraced by n~. Consequently, this entire 1-

graph has only one O-section. On the other hand, the branch bo is a subsection by itself;

it has a void core. The star consisting of b}, b2, and b3 is another subsection, and its core

is the O-node n~. Another (degenerate) star taking the role of a subsection is indu.ced by

b4 alone, and its core is ng. The ladder L1 along with b.5and b6 is still another subsection,

and L1 is its core. Similarly, L2 is the core of the subsection consisting of L2 along with b7.

Finally, let us note that the idea of an "end" introduced by Halin [1] can also be defined

for I-graphs in terms ofO-tips. Let B1 be any finite set of branches in gI, and let g} = 91\B1

denote the reduction of gl induced by all branches of gl that are not in Bl' Since the

removal of B1 disrupts at most a finite part of anyone-ended path, we have that gl and g}

possess exactly the same O-tips. Two O-tips of gl will be called end-equivalent if, for every

choice of Bj. the two O-tips have representatives lying in the same subsection of g}. This

is an equivalence relationship, and the corresponding equivalence classes will be called the

Ends of gl. Clearly, the O-tips in an end belong to a single subsection of gl: we say that

the end bElongs to that O-section. Moreover, gl and g} have the same ends.

3 Finitely Structured I-Graphs

Let the I-graph gl be as before and let gr be any reduced graph of gl. A path P is said

to meet a node n of gl if P has or embraces a tip or node embraced by n.

~ ow, let. VI and N2 be two (not necessarily disjoint) node sets in gl. A set Ns of nodes

in gl is said to sEparate N1 and N2 within gr if every path P in gr that meets a node of

'\'1 and a node of .V2 also meets a node of Ns. (We also say that, within gr. .Vs separatEs
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the nodes of Ns from the nodes of Ns.) This definition allows nodes of Ns to embrace

nodes of N1 and/or N2, and conversely. For instance, (N1 nN2) c JVs since the paths P

can be trivial ones. Similarly, if a I-node nl is incident to a subsection Sb only through

an embraced O-node nO - but not through any O-tip of Sb, then, within Sb, nO separates

nl from all the O-nodes of Sb. As another example, consider Figure 1; the I-node n6 is

separated from the other two I-nodes by the set of O-nodes consisting of n~, ng, ng, n~, and

the O-node embraced by n6' On the other hand, within the core L1 the set of nodes n~ and

ng separates n6 from nt, and within the subsection having L1 as its core the set of nodes
° ° d o t I f 1

nl' n2, an n5 separa es no rom nl'

Similarly, two branches in (iT are said to be separated by Ns in (iT if the two nodes of

one branch are separated in (iT from the two nodes of the other branch by Ns.

.:\ow assume that the core Sc of a subsection Sb has infinitely many branches. Since all

O-nodes are of finite degree and since Sc is O-connected (Lemma 2.3), it follows from Konig's

lemma that Sc possesses at least one one-ended a-path. Thus, there is at least one I-node

nl incident to Sc. Moreover, by the definition of a core, no branch of Sc is incident to nl;

that is, nl is incident to Sc only through O-tips.

We assume henceforth that there are only finitely many I-nodes incident to any core

Sc. ~ow, assume in addition that there are at least two such I-nodes. V will be called a

minimal separating set for nl in Sc if V is a finite nonvoid set of O-nodes in Sc and separates

nl from all the other I-nodes incident to Sc and if for every node nOof V there is a path in

Sc that meets nl and another I-node incident to Sc but does not meet any node of V\{nO}.

If there is a finite nonvoid separating set, there will be a minimal separating set.

In the e\'ent Sc has only one incident I-node n1. we alter the last definition as follows.

A set V of a-nodes in Sc will be called a minimal .<eparating set for nl in Sc if V is finite and

nom'oid and if there exists a nonvoid finite set. ,-:>of a-nodes in Sc such that V separates

A-a from n1 and for every node nO E V there is a path in Sc that meets nl and a node of

A-a but does not meet any node of V\ {nO}. A finite set V of this sort can always be found.

for we can choose V to be some or all of the finitely many nodes of Na that are adjacent to

nodes of Sc not in Na.
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In either case, let V be such a minimal set. A branch of Sc will be said to be separated

from n1 by V within Sc if both of its nodes are separated from n1 by V within Sc. The

reduced O-graph A induced by all branches of Sc that have both nodes in V or are not

separated from n1 by V will be called an arm for n1 and V will be called the base of A.

The set of O-tips for A will be called the extremity of A. That extremity will be a subset of

n1, for otherwise V would not separate n1 from all the other 1-nodes incident to Sc.

For example, in Figure 1, V = {ng, n~o} is a minimal separating set for ni within the

core Sc = L1. The corresponding arm A is the O-graph induced by the horizontal and

vertical branches in L1 lying to the left of V along \vith the branch connecting ng and n~o.

V is the base of A. The extremity of A consists of all the O-tips of L1 that are embraced

by ni.

When the said minimal separating sets exist in every core for every I-node incident to

that core through a O-tip, we can set up an equivalence relationship between the O-tips of

Q1 by calling two O-tips "equivalent" if they belong to the same extremity of some arm of

some core of Q\ the equivalenceclasses are those extremities. Thus, the extremities of Q1

partition the O-tips of Q1. Clearly, a core and the subsection in which it resides have the

same extremities. As was noted above, an extremity is entirely contained in a single I-node.

Moreover, e\"ery I-node n1 will contain at least one extremity, one for every subsection to

which n1 is incident through a O-tip. As usual, we say that a I-node embraces its extremities.

With Sb still denoting a subsection, Sc its core, A an arm of Sc (assuming Sc is infinite),

V the arm's base (by definition a minimal separating set within Sc), and n1 the I-node

incident to A. let us set W = V U {nO} if n1 is incident to Sb through an embraced O-node

nO (as \vell as through 0- tips), and let us set }V = V otherwise. If Sc is finite, n1 can only

be incident to Sb through an embraced O-node nO, in which case we set W = {nO}. \Ye

call W an isolating set for n1 within Sb. By definition, an isolating set is finite. It is also

nomoid because n1 is incident to Sb either through O-tips or through nO or both. Assume

the following:

Conditions 3.1. For each i-node incident to Sb through a O-tip, there is a sequence

{}Vp}~l of isolating sets Wp for n1 within Sb such that the following two restrictions hold,
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wherein Ap denotes the arm corresponding to rVp and Vp denotes the base of Ap.

(a) Given any branch b, there is a p such that b is not in Aq for all q ~ p.

(b) There exists a finite set {Pf}k=1 of one-ended O-paths, each of which meets exactly onE

node in Vp for every p, and every node in Vp is met by at least one of the Pf.

Under Conditions 3.1, we will call {Wp}~1 a (nontrivial) contraction to nl within Sb and

will say that {Wp}~1 isolates nl within Sp' Also. the Pf will be called the contraction paths

to nl for {Wp}~I' An immediate consequence of Conditions 3.1 is that the cardinalities

of the Wp are all bounded by the natural number m + 1. Another is that every branch of

Ap is O-connected within Ap to one of the contraction paths, for otherwise Sb itself would

not be O-connected.

If a I-node nl is incident to the subsection S; only through a O-node nO embraced by

nl, then we set Wp = {nO} for all p. In this case. \ve call {Wp}~1 a trivial contraction to

n 1 within Sb.

Now, let us assume that nl is incident to only finitely many subsections: Sbb"" S;}\

and that there-is a (perhaps trivial) contraction {Wk,p}~1 to nl within Sbk for each k =
1,..., K. This time set Wp = U[;'=1Wk,p' vVenow call Wp an isolating set for nl and call

{Wp}~1 a contraction to nl. Also, we say that {}Vp}~1 isolates nl. Xote that, since every

I-node nl embraces at least one O-tip, it must be incident to at least one subsection through

a O-tip. Hence, for at least one k, {Wk,p}~1 is a nontrivial contraction to nl within Sbk.

Definition 3.2. A I-graph gl will be called finitely structured if it has the following

prop erties:

(a) gl is I-connected and has no infinite O-nodes, no self-loops, no parallel branches. and

only finitely many I-nodes.

(b) For each I-node nl there is a contraction to nl (i.e., each I-node is incident to only

finitely many subsections, and Conditions :3.1hold whenever a I-node is incident to a

subsection though a O-tip).

In the following lemma, Ap and Aq will - as before - denote the pth and qth arms for
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a particular nontrivial contraction to a I-node within a subsection Sb, and Vp and Vq will

denote the bases of Ap and Aq respectively.

Lemma 3.3. Let the i-graph gl be finitely structured. Then the following statements

hold:

(i) ~:? has only finitely many subsections and only finitely many extremities.

(ii) For any q > p, the reduced graph Ap \Aq induced by all branches of Ap that are not in

Aq is a finite O-graph.

(iii) For each p, there exists a q > p such that Aq C Ap and Vq n Vp = 0.

(iv) Every end is contained entirely within a single extremity, and each extremity contains

only finitely many ends.

(v) Choose an arm for each extremity in ~f1. Then, everyone-ended O-path pO will even-

tually lie within one of those arms; that is, all but a finite part of pO will be in one of

the chosen arms.

Proof. (i) There can be only finitely many subsections in ~f1 because there are only

finitely many I-nodes, each I-node is incident to only finitely many subsections, and every

subsection meets at least one I-node. Furthermore, the incidence between a subsection and

a I-node is either through a single extremity or through a O-node or both; hence, there are

only finitely many extremities.

Iii) Note that the boundary of Ap \Ai consists entirely of some O-nodes on the finitely

many contraction paths in Ap. Hence, every branch of Ap \Aq must be O-connected within

A; \ Ai to one of the finitely many contraction paths in Ap, for otherwise Sb would not be

O-connected - in violation of the definition of a subsection. Consequently, Ap \Aq can have

only finitely many components.

Suppose now that Ap \Aq is an infinite O-graph. Then, so too is one of its components.

Bm. that component is locally finite and therefore by Konig's lemma must contain a one-

ended O-path. Thus, it must have a O-tip that is not in the I-node nl incident to Ap. This

means that Ap has two incident I-nodes - in violation of the definition of an arm.
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(iii) Consider the branches incident to Vp. They are finite in number because Vp is a

finite set and.all O-nodes are of finite degree. Hence, we can choose q so large that every

such branch is not in Aq. Since for each node nO of Vq there is at least one branch of Aq

incident to nO, Vp and Vq must be disjoint.

Now every branch b of Aq must be in Ap, for otherwise we could choose a path that

meets b and the I-node nl incident to Aq and also another I-node incident to Sb (or some

O-node not in Ap if nl is the only I-node incident to Sb) without meeting Vp.

(iv) No end can be partly in one extremity of and partly in another, for, were this so, the

removal of the finitely many branches incident to some separating set Vp would disconnect

those two parts from each other - in violation of the definition of an end. Furthermore,

since for each p every branch of Ap is O-connected within Ap to one of the contraction paths

in Ap, the number of ends in the extremity of Ap can be no larger than the finite number

of contraction paths in Ap.

(v) The O-tip of pO will be a member of one of those extremities. Let A be the cor-

responding chosen arm and let V be its base. pO will have at least one branch in A.

Furthermore, po cannot pass into and out of A infinitely often, for each such passage must

be through a different O-node of V and V is a finite set. Hence, pO must eventually lie in

AD

Definition 3.4. A nontrivial contraction {Wp}~l to a I-node nl within a subsection

Sb will be called proper if the following three conditions are satisfied by the arms Ap and

the arm bases Vp corresponding to the Wp:

(a) Ap :) Ap+l for all p.

(b) Vp n Vp+l = 0 for all p.

(c) No node of Al (and therefore of ewry Ap) is adjacent of n1.

Furthermore, a contraction {Wp}~l to nl is called propEr if Wp = Uf"=lWk,p for every p,

where {Wk,p}~l is a proper contraction to nl in the kth subsection incident to nl whenever

{}Vk,p}~l is nontrivial; also, J( denotes the number of subsections incident to nl. As was

noted above, {Wk,p}~l will be nontrivial for at least one k.
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This definition does not impose any further restrictions upon gl other than the assump-

tion that gl is finitely structured. It merely requires a judicious choice of {Wp}~l' Indeed, -

Conditions (a) and (b) can be fulfilled by virtue of Lemma 3.3(iii). Also, if nl embraces a

O-node, there will be only finitely many O-nodes adjacent to nl; hence, we need only choose

Al small enough to avoid all those O-nodes, thereby fulfilling Condition (c).

4 Finitely Structured Perceptible I-Networks

A O-network or a I-network is respectively a O-graph or a I-graph whose branches haye

been assigned electrical parameters - as well as orientations, with respect to which branch

voltages and branch currents are measured. We will use boldface notation for networks

in place of the script notation used for graphs. Also, the terminology used for graphs is

transferred directly to networks. Thus, for example. a I-network is called finitely structuTtd

if its graph is finitely structured (Definition 3.2).

A branch bj is called sourceless if it consists only of an electrical conductance gj; by

definition, gj is the proportionality factor relating the current i through the conductance to

the voltage v across the conductance: i = gjv. Moreoyer, rj = g;1 is the branch resistanCt.

In this work, all conductances and resistances will be real, positive numbers. A network or

reduced network will be called sourceless if all its branches are sourceless.

Henceforth Nl will denote a I-network that satisfies the following

Conditions 4.1.

(a) The i-graph ofN1 is finitely structured.

(b) For every i-node nl in N1, there exists a contraction to nl such that all its contraction

paths art perceptible (i.e., the sum of all the resistances in wch contraction path is

finite) .

(c) N1 is sourceless.

A contraction to nl will be called perceptible if it satisfies Condition 4.I(b).

Lemma 4.2. Between every two nodes (O-nodes or i-nodes) ofN1 there is a perceptible

finite i-path that terminates at those nodes.
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Proof. If n~ and n~ are two O-nodes lying in the same O-section of NI, they are

connected by a finite O-path pO. Since pO has only finitely many branches, it is perceptible.

But then, {n~, pO,nn is the asserted I-path.

So, assume that na and nb are O-nodesor I-nodes that are infinitely distant from each

other. The I-connectedness of NI implies that there is a finite I-path

pI = {na,P~,n~,Pf,...,n~"P~pnb} (1)

connecting na and nb. Consider any a-path Pf in (1). If it is finite, it is perceptible.

So, assume pf is one-ended and not perceptible. For every I-node nI in NI, choose a

perceptible contraction to nI, Then, pf will eventually lie within an arm - according to

Lemma 3.3(v). We can replace Pf by a perceptible one-ended path, one that eventually

follows a perceptible contraction path to reach the same I-node that pO reaches. A similar

replacement can be made for any endless a-path in (1) by first partitioning it into one-ended

a-paths. Such replacements for all the nonperceptible a-paths in (1) yield a perceptible finite

I-path that terminates at na and nb. 0

In manipulating networks, we will at times combine nodes. Their ranks need not be

the same. Borrowing the terminology of electrical circuits, we will say that two or more

O-nodes have been shorted when the following is done: Replace those a-nodes by a single

O-node nO and take a branch to be incident to nO if and only if that branch is incident to

one or two of the original O-nodes. Then remove any branch that becomes a self-loop, and

combine parallel branches by adding their conductances. This may produce a O-node nOof

infinite degree if the original O-nodes were infinitely many.

~Iore generally, given any set of a-nodes and I-nodes, we short them as follows. First

short all the a-nodes - including those embraced by the I-nodes - to get a new O-node

nO. Then, create a new I-node nI by taking the union of all the O-tips embraced by the

original I-nodes and letting nO be the single O-node embraced by n1. Of course, nO will be

absent when there are no O-nodes - ordinary or embraced - among the original of nodes.
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