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 Emden equation- what is it?
 What is symmetry?

 Whatis a symmetry in the context of differential
equations?

 How can we find symmetry?
 What are the symmetries of Emden?

* How can we use symmetry to our advantage?
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* Johnathan Lane(1819-1880) and Robert Emden (1862-
1940) used the Lane-Emden equation to describe
phenomena in outer space.

* Relates to nonlinear dynamics(force free Duffing

oscillator), predator-prey models(Lotka-Volterra), and
elsewhere.

« Modified Emden:y" + 3kyy’ +y3 =0
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* Rotations and Flips:
R90, R180, R270, R360,V,H, D1,D2

B B D
D C D~——C C B

* Symmetries form a group
* Groups have the following properties:

* Closure, Associativity, Identity, and
Invertibillity
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A symmetry will lead to a transform that leaves the
equation invariant and transforms the solution to another
solution.

d—y—xy3, (x,y) = (X,7),x = xet,y =ye

— —&
dx

* Will show that% = f}73 holds when original equation holds

LHS: = =% — = — =ye t*—=ye Tt =7 =
A7 dx d¥  dx % = e€ Y dx
X
RHS: xy° = xe€ x (ye™8)® = xy’e %
e Result:
o d _ d
¢ o Ze_y:xyse 2e ., &Y xy3
dx dx
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 General form of transformation:
s () 2>x V), x=x+&(x,V)e+0(?), y=y+
n(x,y)e + 0(e?)

Where
ix
d_f: =¢ £=0 — f(xry)

fl—i = Nlg=0 = N(X,Y)

This shows us how the infinitesimals (represented by
Gamma) and symmetries [how (x,y) =2 (X,y )] are
related.

* Gammal = édx + ndy
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 Lie’s Invariance condition is also known as the
linearized symmetry condition.

* [tis aformula allowing us to compute symmetries
lactually £(x,y) and n(x,y) |of the differential equation.

* Comes from plugging the general form of the
infinitesimal group and requiring invariance of the DE

* Condition for first order differential equations:

y'(x) =f(xy)
* My T (773/_5 x)w - ywz = ¢wy + nw,,
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* (Consider the Emden equation to be rewritten as:
y'==3kyy' —y*

NaxtCMay~€ ) ¥/ +(yy+28 ) N2 (6 ,) (V)°-3( ) yy' +
(My-2§ 38 ) w=§ wy+nawy+ e+ (my=¢,)y —¢,00% wy,

Wherey" = w(x,y,y")
w =-=3kyy —y’
w, = —3ky' —3y*
wy, = —3ky

w, =0
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* nxx_l'(znxy'f xx) y’ +(77yy+2€ xy) (y,)z '(5 yy) (y,)3'3(§ y)
Yy + (y-2§ -3 ,¥)(=3kyy’ —y®) =n (=3ky' - 3y*) +
1% + (1y—¢ x)¥" = € x(¥)?1(=3ky)

Now we collect coefficients from each y’

¢ M — (My =285 )y° +3ny* +3knyy =0

V' 1 2Myy & —3kéxy =38,y +3kn=0

)% 0yy + 2§ 5y +6kE, y =0

(y’)B: -($ yy) =0

We will systematically solve for ¢ and n by collecting each
coefficient of y’, and then y within the y’ equation.
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» Since (¢ yy) = 0, £ Is linear in y meaning it
must be in the form: & = a(x)y + b(x)

* Then:

- &, =ay+b
&, =a

. Stxy:a'

- &  =a'y+b”
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* Now we plug in what we know: REMS&?EK
* Nyy = 2¢ Xy —6k$ y y A1)

* Nyy = 2a —6kay

* n, =2a'y —3kay* +c

e n =ay® —kay® +c+d

o N =a""y* —ka'y? +c'+d
Ny = 2a"y —3ka'y? + ¢’

nr_.2

° nxx = a y _kallyB +C”+d”
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y': znxy —&xx —3A S Y _3€yy3 +3an=0
c ot My — (1y =28 )y° +3ny* +3knyy =0
We plug everything in and collect the remaining coefficients:

y*y's 3a(1=k %) =0 REMEMBER:
yy' 1 (3a" +3kb + 3kc) =0 a(x)

y': (—b""+c'+3kd) =0 b(x)
y3:2ka" +2c +2b' =0 3((’;))
y?:a'"" — 3kc +3d =0

y :c" + 3kd’ =0

C:d" =0

if k + +1 then 3a(1—k ?)=0 implies that a=0. This alters the
symmetry because we can imply some terms are equal to 0, thus reducing

symmetry.
Reminder Emden eq: y"' + 3kyy’ + y3 =0
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 Based on d''= 0, we can assume a solution:
i d — dlx + dz
e Then

e y:c''= 3kd’:>c=%d1 x4+ cix + ¢

e And so on
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) A s Determining Equations

e ifk = +1
.« d=dx+d,

. c=—%d1x2+c1x+c2

+ b=—2d; x*+7(2c, +3d,)x? + byx + b

. a=—§d1x4—%(cl+d2)x3—(b1+cz)x2+a1x+a2

* These equations are logically consistant throughout the system,

Since a isn’t 0. Notice that each iteration of constants adds two additional
symmetries, meaning a total of 8 symmetries
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e n =a'y? —kay3 +c+d
c¢é=ay+b

e ifk= +1 then

n = —(cyx* + cx3+c3x?+cyx +c5)y> + (degx® + 3c,x%+203x +¢4)y?
—(6c1x% + (6cy+2¢g)x +c7 + 2¢3) ¥y +4cytcgt+cx

&= (c1x* + cpx3+c3x?+eux +c5)y — 21 x3+cgx?+crx +cg
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[7:dx

[ (y)dx + (—=y°)dy

[3: (x)dx + (—y)dy

[y: (x2)dx + (—2xy + 2)dy

[5: (xy)dx + (—xy® + y*)dy

[o: (x%y)dx + (—x%y3 + 2xy? — 2y)dy

[y: (x3y )dx + (—x3y3 + 3x%y% — 6xy + 4)dy

[g: (x*y —2x3)dx + (—x*y3 + 4x3y% — 6x%y + 4x)dy
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* if k # +1and a = 0, then most terms drop:

Fl: dX
[5:xdx — ydy
I3:(x+ 1)dx — ydy
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* First we change the variables using the
formulas for the symmetry I: xdx — ydy :

__ dx dy
gdx-l_r’ 0 E N
s | 4as _ 4 ax _dy _
€dx+ndx—1, f_n_ds

T=[=r=00) =~ +cxy) >x =1
fT:fdszsz—ln(y):y:e—S(T)

X = reS(T), y = e—S(T)
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. E = f(x,y,y',y"") reduces to = f(r,s’,s")

y'"" + 3kyy' +y3 =0to

2(sN?%=srr rs's"" +s1 kst 4 e-35=
e3s(rs'+1)2 = e35(rs'+1)3  e35(rs’+1) -

2(sn)?—=srr rs's" +s1 kst

(rs'+1)2 (rs'+1)3 (rs’'+1)

+1=0
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(r,s'(r)) = (t,v(t))

v =3tv3 + 2v% + (1 = 3k(tv + D?)v+(tv + 1)3

Which is a first order ODE.
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 We can transform an equation into a different
equation that might be easier to solve
analytically or numerically.

WWW.SUNYPOLY.EDU



@\ COLLEGE OF ARTS + SCIENCES
WOl suny POLYTECHNIC INSTITUTE Thank You!

» References:

« Arrigo, D. J. (2015). Symmetry analysis of differential equations: An
introduction. Hoboken, NJ: John Wiley & Sons.

 Hydon, P. E. (2000). Symmetry methods for differential equations: A
beginner's guide. New York: Cambridge University Press.

« Senthilvelan, M., Chandrasekar, V. K., & Mohanasubha, R. (2015).
Symmetries of nonlinear ordinary differential equations: The modified
Emden equation as a case study. Pramana - J Phys Pramana, 85(5),
755-787. d0i:10.1007/s12043-015-1106-5

« Stephani, H. (n.d.). Contact transformations and contact symmetries of
partial differential equations, and how to use them. Differential
Equations Their Solution Using Symmetries, 201-208.
doi:10.1017/cb09780511599941.022

WWW.SUNYPOLY.EDU



: O  COLLEGE OF ARTS + SCIENCES

/- SUNY POLYTECHNIC INSTITUTE

* Questions?
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