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Abstract of the Dissertation 

On the Instrumented Indentation of Transversely Isotropic Materials 

by 

Talapady Srivatsa Bhat 

Doctor of Philosophy 

in 

Materials Science and Engineering 

Stony Brook University 

2012 

 

Instrumented indentation, as a tool for characterization of mechanical properties, 

has well been established in the past decades. Studies have been conducted to 

understand the behavior of isotropic materials under indentation and techniques to 

accurately predict isotropic material properties have also been reported. Further, within 

the isotropic regime, work has been done to predict the indentation hardness without 

having to investigate the area of contact during indentation. Studies have also reported 

the prospect of utilizing indentation to predict the fatigue behavior of isotropic materials. 

This dissertation is made with the intent of extending the use of indentation, as a 

characterization tool, to the anisotropic regime.  

The effect of transverse isotropy on the indentation response of materials is 

systematically studied here. Extensive computational analysis is performed to elucidate 

the underlying deformation mechanics of indentation of transversely isotropic materials. 

Owing to the anisotropy, indentation may be performed parallel or perpendicular to the 

plane of isotropy of the specimen. It is observed that the indentation response varies 

significantly for each of these cases. The two cases are treated as unique and an 

identical systematic analysis is carried for both. The indentation orientations shall 

henceforth be referred to as transverse and longitudinal indentation for indentation 



iv 

 

parallel and perpendicular to the plane of isotropy respectively. A technique is 

developed capable of extracting the elastic-plastic properties of transversely isotropic 

materials from interpretation of indentation response in either direction. The technique is 

rigorously tested for its robustness, accuracy and uniqueness of results. A sensitivity 

analysis is performed to determine how sensitive the technique is to errors in 

experimental results. Rigorous studies are performed to understand the variation in pile-

up or sink-in during indentation with varying anisotropy in the specimen. As a result of 

these studies, relations are obtained between the contact area and hardness during 

indentation and material properties of transversely isotropic materials. Further, utilizing 

the previously devised technique, relations which directly predict hardness from either 

known material properties or known indentation response, in either the transverse or 

longitudinal direction, without actually measuring the area of contact are obtained. 

Variation of hardness with anisotropy as well as other material properties is thoroughly 

studied. Fatigue response of transversely isotropic materials to cyclic indentation is 

studied using computation analysis. Distinct variation in the fatigue response with 

varying anisotropy is observed and reported.  

A systematic investigation into the indentation behavior of materials with residual 

stress is undertaken. Algorithms are developed to predict the residual stress and 

material properties for elastic perfectly plastic materials from known indentation 

response for both isotropic as well as transversely isotropic materials. The algorithms 

are then tested for their accuracy and sensitivity. 
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1 Introduction 

 

 

The exponential growth of science and technology in the past few decades has led 

to a rapid miniaturization of devices and structures. The dimensions and structure of 

engineered materials has shrunk from the macro scale down to the micro and nano 

scale. It has often been observed that the properties of materials vary significantly from 

their macroscopic counterparts as we delve into micro and nano sizes. It is thus 

imperative to develop tools for the characterization of the mechanical properties at small 

length scales in an accurate and systematic manner. Instrumented indentation analysis 

provides a simple and convenient method to accurately characterize the mechanical 

behavior of materials at all scales. 

Instrumented indentation as an analysis tool has rapidly gained interest owing to its 

versatility and simplicity. In particular, in systems where conventional testing methods 

fail, indentation method has shown an excellent alternative way for material 

characterization for e.g. [1, 2]. 

 Many attempts have been made to tap the potential of instrumented indentation as 

a characterization tool. Analytical, experimental and computational techniques have 

been utilized to elucidate the contact mechanics during indentation. These studies have 

been successful in utilizing indentation response parameters to predict material 
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properties within the isotropic regime for e.g. [3-5]. Most miniature structures however 

display a certain degree of anisotropy due to the effect of confinement and specific 

microstructures imposed during fabrication. However, in spite of the extensive research 

in the isotropic regime, there has been little work on the indentation response of 

anisotropic materials. 

To this end, this study attempts to lay the foundations for extensive investigation into 

the indentation response of anisotropic materials. Here, computational and experimental 

approaches are utilized to further the research done on isotropic materials to 

understand the mechanics and indentation response of transversely isotropic materials. 

 Instrumented indentation on a transversely isotropic material can be performed 

either parallel or perpendicular to the plane of isotropy of the material. The indentation 

response for each of these two cases is distinct. This study investigates both these 

cases. Using dimensional analysis, closed-form functions are developed correlating 

material properties to indentation response. Coefficients of these functions are then 

accurately determined using finite element analysis, modeling the indentation response 

for sharp indenters with cone half angles of 50, 60 and 70.3 degrees over a large range 

of material properties. An approach similar to the investigation carried out by studies on 

isotropic materials is utilized to generate  

 A forward analysis that predicts the indentation response from known empirical 

constitutive relations of the material, 

 A reverse analysis that predicts the materials empirical constitutive relations from 

known indentation response. 
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In addition, the hardness of a material is an important parameter widely utilized to 

describe mechanical characteristics of materials. The challenge with respect to 

prediction of hardness lies in accurately measuring the area of contact during 

indentation. Prior to this, other studies have attempted the prediction of the hardness of 

isotropic materials for e.g. [6, 7]. This study aims at devising algorithms to predict 

transversely isotropic materials hardness during indentation, perpendicular as well as 

parallel to the plane of isotropy, from known empirical constitutive relations or known 

indentation response parameters without actually having to investigate the area of 

contact during indentation.  

Fatigue analysis of engineered components is an essential part of investigating a 

structure. Cyclic indentation has been used in the past to study the fatigue behavior of 

materials [8-12]. This study aims at extending the theory of indentation fatigue behavior 

to anisotropic materials.  

In addition to anisotropy one other material processing artifact found in materials is 

residual stress. The determination of the extent of residual stress in miniature 

components using conventional techniques poses significant issues. Here again, 

indentation provides a convenient and simple alternative to conventional testing 

techniques. In this study, indentation is used to develop relations correlating indentation 

response with residual stress and material properties for elastic perfectly plastic 

materials with isotropic or transversely isotropic properties and specific forward and 

reverse algorithms are developed.  
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The main objective of this work is to develop computational tools for the study of 

transversely isotropic materials. The computational modeling focuses on instrumented 

indentation using single, dual and triple indentation with sharp indenters. The thesis is 

organized as follows: 

$ Chapter 2 presents a systematic analysis of triple indentation parallel and 

perpendicular to the plane of isotropy of transversely isotropic materials. Forward 

and reverse algorithms are formulated and a comprehensive analysis of the 

uniqueness and sensitivity of the proposed algorithms is undertaken. 

$ Chapter 3 presents an argument which uses the algorithms proposed in the 

previous chapter to the determination of hardness of transversely isotropic 

materials for indentation parallel and perpendicular to the plane of isotropy. A 

technique to predict the hardness without actually having to measure the area of 

contact under the indenter is proposed. Once again the accuracy and sensitivity 

of the technique is verified. 

$ Chapter 4 delves into the fatigue response of transversely isotropic materials 

when subject to cyclic indentation. Previously developed indentation fatigue law 

for isotropic materials is extended to the transversely isotropic regime. A study is 

done on the variation of indentation fatigue response parameters with varying 

anisotropy. 

$ Chapter 5 presents an investigation of the change in indentation response of 

isotropic and transversely isotropic materials with existing equibiaxial residual 

stresses. A systematic analysis is performed and algorithms are developed to 

predict the residual stress and material properties for elastic perfectly plastic 
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isotropic materials from known indentation response. Further, algorithms are then 

developed to predict the residual stress and transversely isotropic plastic 

properties of materials from known indentation response and elastic modulus. 

The algorithms are then tested for their accuracy, and sensitivity.  

$ Chapter 6 concludes this thesis with a summary of the work done and a brief 

discussion on the significance of this work.  

$ Chapter 7 delves into the future possibilities and promises of the field of 

indentation analysis.  
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2 Computational modeling of the forward and reverse 

problems in the indentation of transversely isotropic 

materials 

 

 

2.1 Introduction 

Indentation based methods for property assessment and characterization have 

received considerable attention in recent times owing to their simplicity and versatility. 

Furthermore, within the context of thin-films, coatings, and small-volume materials 

where conventional methods of property evaluation are not readily applicable, there is a 

greater motivation for developing several small-scale test methods such as those based 

on the indentation technique for property determination and assessment as well.  

A large number of studies have focused on the determination of several 

mechanical and functional properties of substrate materials such as hardness, and also 

elastic, plastic, fracture, and piezoelectric properties using indentation-based methods 

[3, 5-7, 13-25]. A combination of analytical modeling [26, 27], computational modeling 

[3, 5, 6, 13, 14, 17, 19-21, 28-33] and experiments [1, 15] have been invoked to obtain a 

better understanding of the indentation response of a wide variety of materials that 

include metals, alloys, ceramics, polymers, metallic glasses, foams and composites. 

Owing to the complexity in the deformation behavior associated with the indentation 

process, analytical modeling approaches are, in general, unable to capture the 
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complete indentation characteristics of a wide variety of materials. Consequently, many 

recent efforts have focused on developing computational approaches to accurately 

capture the indentation response of select classes of materials.  

In the computational approach, the indentation problem is generally divided into 

two parts: (i) the “forward problem” – where the characteristics of the indentation 

response are predicted from known elastic and plastic properties of the substrate 

material; and (ii) the “reverse problem” – where the elastic and plastic properties are 

estimated from experimentally measured indentation response. Based on the forward 

and reverse analyses, several forward and reverse algorithms have been developed to 

map the materials’ elastic and plastic properties with their corresponding indentation 

response characteristics.  

In developing and applying the forward and reverse algorithms to a broad class 

of materials, two questions are generally identified as being important [4, 29, 31, 34-41]:  

(i) Indentation – Uniqueness: Does a unique set of material properties 

map to a unique set of indentation response parameters, both in the 

forward and the reverse analyses?  

(ii) Indentation – Sensitivity: How accurate should the experimental 

measurements of the indentation parameters be in order to obtain 

reasonable estimates of the mechanical properties of the indented 

substrate materials?  

Consequently, methods that rely on multiple indentations to address potential non-

uniqueness issues with the indentation analysis [34, 35, 37, 39-42] and those that 
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provide reduced sensitivity for a robust estimation of mechanical properties have also 

been developed [4, 32, 38, 39]. Furthermore, several studies have also considered the 

effects of pile-up and sink-in that may occur in indentation experiments as well [28, 30, 

43].  

However, much of the prior studies have focused on developing the forward and 

reverse indentation analyses of isotropic materials and very few studies [44] have 

attempted to obtain an understanding of the indentation of anisotropic (e.g., transversely 

isotropic) materials. As there are several engineering ‘bulk’ and ‘thin film’ materials 

which are transversely isotropic that exhibit varying degrees of elastic and plastic 

anisotropy, there is a compelling need to understand the indentation behavior of such 

transversely isotropic materials. Hence, the objectives of the present study described in 

this chapter are as follows. 

(i) To develop a multiple indentation-based framework for capturing the 

indentation response of transversely isotropic materials. 

(ii) To formulate a forward algorithm to predict the indentation response of 

transversely isotropic materials and a reverse algorithm to obtain the material 

elastic and plastic properties from measured indentation responses. 

(iii) To assess the issues of uniqueness and sensitivity within the context of the 

indentation of transversely isotropic materials.  

The present chapter is organized as follows. Theoretical background information 

about the mechanical properties of transversely isotropic materials and the 

fundamentals of indentation are presented in section 2.2. A framework based on 

dimensional analysis and computational modeling for understanding the indentation 
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response of transversely isotropic materials is formulated in section 2.3. The results of 

the indentation simulations, the forward and reverse indentation algorithms, and the 

uniqueness and sensitivity issues associated with the forward and reverse analyses are 

discussed in section 2.4. A comparison between forward-reverse analysis and 

experimental data from literature, for both isotropic and transversely isotropic materials, 

is made in section 2.5. Principal conclusions are highlighted in section 2.6.  

2.2 Background on transversely isotropic materials and instrumented 

indentation 

2.2.1 Mechanical properties of transversely isotropic materials 

A transversely isotropic material is one with physical properties symmetric about an 

axis normal to a plane of isotropy. A partial list of engineering materials that exhibit 

transverse isotropy is provided in Table 2.1 [45]. In the present study, two classes of 

indentations are identified (Fig. 2-1):  

(i) Longitudinal indentations where in the indentations are perpendicular to the 

plane of isotropy; and 

(ii) Transverse indentations where in the indentations are parallel to the plane of 

isotropy;  

2.2.1.1 Elastic properties 

The elastic properties of a transversely isotropic material can be described using five 

independent constants. Let us assume an x-y-z coordinate system as shown in Fig.2-

1a. Also let us assume the x-z plane to be the transverse plane of isotropy. The 
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compliance matrix of a transversely isotropic material can then be expressed in the form 

of the Young’s moduli, shear moduli and the Poisson’s ratios as: 
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             Eq 2-1 

 
Table 2.1 : List of transversely isotropic engineering materials that exhibit varying degrees of elastic and 
plastic anisotropy. 

Material E
0
 (GPa) E

L
/E

T
 σ

0
(MPa) σ

L
/σ

T
 n  

Annealed 
tool steel 

192 1 610 1.4 0.1 0.3 

Al Castings 
242-0T21 

71 1 155 1.5 0.16 0.3 

Malleable 
Iron 

210 1 285 1.54 0.01 0.3 

2124 Al 
15% SiC 
Whiskers 

105 1.2 480 1.5 0.1 0.3 

Ti-15V-3Cr-
3Al-3Sn 

164 1.3 1200 1.35 0 0.4 

Zirconium 112 1.3 230 1.4 0.1 0.35 

Ductile Iron 
ASTM A 
476-70 

210 1 483 1.33 0.1 0.3 

Be-Cu Alloy 
50C UNS 
C81800 

110 1 238 2 0.18 0.3 

Al 6092 
17.5 SiC 
whiskers 

121 1.05 452.5 1.15 0.1 0.33 

Titanium 123.82 1.37 200 1.57 0.07 0.35 
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Figure 2-1: Schematic illustrating (a) longitudinal indentation and (b) transverse indentation of a 

transversely isotropic material. (c) Indentation with a typical conical indenter with an indenter cone half 

angle θ and the corresponding depth of penetration hm (d), (e) Characteristic indentation responses of 

transversely isotropic materials obtained through triple indentations (with three indenters) and the elastic 

and plastic properties of the transversely isotropic substrate material determined through the reverse 

analysis. 

  

  
=
   

   
                                                                                     Eq 2-2 

The in-plane shear modulus can be expressed as  

   
  

       
                                                                               Eq 2-3 
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Also, GL is the out-of-plane shear modulus for planes x-y and y-z. 

The Poisson’s ratios  T,  TL, and  LT, are, respectively, given as   
   
   

,  
   
   

, and  
   
   

. 

Thus, five independent elastic constants - EL, ET,  T,  TL, and GL (or alternately E0, 

EL/ET,  T,  TL, and GL) fully describe the elastic properties of a transversely isotropic 

material, where, E0 is the average Young’s modulus (EL+ET)/2.  

2.2.1.2 Plastic properties 

The plastic properties of a transversely isotropic material can be defined with the 

help of Hill’s criterion for orthotropic materials. Hills criterion for yielding (1948) can be 

modified for transversely isotropic materials as:  

                 
            

            
       

       
       

                   Eq 2-4                                                                                      

Here, σ0 is the reference stress taken as (σ0L+ σ0T)/2, and P, Q, R and S are the 

dimensionless constants that are related to σ0 as:  

  
 

 
 
  

   
 
 

      
 

 
  

  
 

   
   

  
 

   
        

 

 
 
  

   
 
 

      
 

 
 
  

   
 
 

      Eq 2-5                                                                                     

where, σ0L, σ0T, τ0L and τ0T are the yield stresses along the respective (i.e., longitudinal 

and transverse) directions. To reduce further complications the post-yielding behavior is 

restricted to isotropic power law hardening with a single hardening exponent ‘n’ for both 

longitudinal and transverse directions. For uniaxial stress-strain behavior the post 

yielding behavior for the longitudinal and transverse directions can be then defined as: 

             
  

   
    

 

                , and                                                      Eq 2-6 
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                                                                    Eq 2-7 

Thus, we recognize that the elastic and plastic properties of a transversely 

isotropic material can be described by 10 constants, (five elastic constants, four yielding 

stresses, and one hardening exponent) if the strain hardening exponent is assumed to 

be the same for both the transverse and longitudinal directions. However, as pointed out 

by Nakamura et al. [44] estimating all these ten constants from the indentation analysis 

is extremely difficult. Hence, in this study an approach suggested by Nakamura et al. is 

invoked to reduce the total number of material constants that are required to reasonably 

capture the elastic and plastic properties of transversely isotropic materials to five.  The 

approximations that help reduce the number of material constants from 10 to 5 are 

highlighted in Eqs. (2-8 to 2-10).  

      ;                     Eq 2-8 

   
       

     
       

 
  

              Eq 2-9  

    
  

  
                   

  

  
 
   

   
                            Eq 2-10 

The approximation of    as 0.3 is reasonable as the Poisson’s ratio of most 

metals falls close to this value. Next, the average of the two out-of-plane Poisson’s ratio 

is taken to be equal to the in-plane Poisson’s ratio. The out-of-plane shear modulus - GL 

is also approximated in a manner similar to the definition of the in-plane shear modulus 

- GT. Finally, the shear yield stresses are approximated in a manner similar to the Von-
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Mises yield criterion for isotropic materials. These approximations are valid when the 

degree of anisotropy is low and the difference between properties in the longitudinal and 

transverse directions is not too large. 

2.2.2 Indentation theory and nomenclature 

The instrumented indentation technique of property determination involves 

indenting a substrate material with a (sharp or spherical) indenter and observing the 

corresponding force (P) - depth (h) relationships during the loading and unloading 

cycles. Figure 2-1d shows the typical P-h response of a power law hardening elasto-

plastic material to sharp indentation. The loading response is governed by the equation:  

                         Eq 2-11 

where C is the loading curvature and is constant for a given material and indenter cone 

angle. The maximum indentation depth hm occurs at the maximum load of Pm (Fig. 2-

1c). The initial unloading slope is defined as, 

   
   

  
                            Eq 2-12   

where Pu is the unloading force. The residual depth of the indent, after complete 

unloading, is termed as hr. The area under the loading curve is the total work done (Wt) 

and the area under the unloading curve (We) represents the recovered elastic work 

done by the system. The plastic work done is given as           and the plastic 

work ratio (Rw) is given as: 

   
  

  
                  Eq 2-13 
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Thus, we see that several indentation response parameters such as the loading 

curvature, C, the unloading slope at the maximum depth, Sm, the maximum and residual 

indentation depths, hm  and hr and the areas under the loading and the unloading 

curves, Wp and We, can be invoked to determine the elastic and plastic properties of the 

indented material.  

In general, the indentation response (i.e., the P-h response and the stress fields 

beneath the indenter) of a transversely isotropic material (e.g., with EL/ET = 1.5; EL = 

100 GPa and ET = 150 GPa) varies considerably from its isotropic counterpart for which 

the elastic and plastic properties are obtained as a simple average of the properties of 

the transversely isotropic material (e.g., E = 125 GPa) (as illustrated in Figs. 2-2 to 2-3).  

 

Figure 2-2: A comparison of the load-depth indentation response with varying anisotropy in the substrate 

material for (a) a material with no strain hardening and (b) a material with strain hardening coefficient, 

n=3. Here, (x, y) represents x as the degree of elastic anisotropy, and y the degree of plastic anisotropy. 

It has been observed in the past that a single indentation experiment, for most 

cases, yields three independent parameters i.e, C, Sm and Rw. However, as discussed 

in section 2.2.1, the minimum number of independent constants needed to describe the 
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mechanical properties of a transversely isotropic material is five. Hence, it is clear that a 

single indentation experiment cannot be used to uniquely determine all the properties of 

a transversely isotropic material. Hence, in the present study, three indentations using 

three indenters with cone half angles of 50, 60 and 70.3 degrees have been used, 

which yields 9 distinct indentation response parameters for each material. That, the 

three P-h curves and corresponding nine indentation response parameters can help 

uniquely determine the elastic and plastic properties of transversely isotropic materials 

is demonstrated in section 2.4.  

2.3 Framework for the indentation analysis of transversely isotropic 

materials 

 In the present study, a combination of dimensional analysis and finite element 

simulations is invoked to develop a framework that establishes the relationships 

between the elastic and plastic properties of transversely isotropic materials and their 

indentation responses.  

2.3.1 Dimensional analysis 

In prior studies, dimensional analysis has been invoked to identify closed form 

universal functions that capture the indentation behavior of isotropic materials. In the 

present study, as described below, dimensional analysis is invoked to develop closed 

form universal functions to capture the indentation behavior of transversely isotropic 

materials.  

For a sharp indenter with a half cone angle of θ, the load required to indent a 

power law hardening transversely isotropic material can be written as: 
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                    Eq 2-14 

Using dimensional analysis Eq. (14) becomes 

     
     

  

  
 
  

  
 
  

  
                     Eq 2-15 

and from Eq. (2-11) 

  
 

  
       

  

  
 
  

  
 
  

  
                    Eq 2-16 

or  

  
 

  
       

  

  
 
  

  
 
  

  
                             Eq 2-17 

where i =1, 2, 3 represent the cone half angles 50, 60 and 70.3 degrees, respectively. 

Similarly, the unloading slope, Sm, at the maximum depth of indentation, hm, is given as: 

           
  

  
 
  

  
 
  

  
                               Eq 2-18 

The plastic work ratio Rw can be represented as: 

   
  

  
     

  

  
 
  

  
 
  

  
                             Eq 2-19 

The depth ratio Rh is given by:   

   
  

  
     

  

  
 
  

  
 
  

  
                                        Eq 2-20 
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The actual forms of these dimensionless functions and their construction are discussed 

in section 2.4 and summarized in Appendix A.  

2.3.2 Computational modeling 

A transversely isotropic material is symmetric about an axis normal to the plane 

of isotropy. Hence, an axisymmetric two-dimensional finite element model can be used 

to capture the indentation response if the indentation direction is perpendicular to the 

plane of isotropy. However, if indentation is performed parallel to the plane of isotropy a 

three dimensional model would be required to simulate an indentation experiment. The 

present study involved indentations both perpendicular and parallel to the plane of 

isotropy and hence, used a three-dimensional model for both cases for better 

comparison. The general purpose finite element package of ABAQUS was used to 

conduct all the simulations.  

A schematic of the conical indenter used is shown in Fig. 2-1c where θ = the 

included half angle of the indenter and hm = the maximum indentation depth. Three 

indenters with cone half angles of 50, 60 and 70.3 degrees were used. A cone angle of 

70.3 degrees has been shown to be equivalent to a Berkovich indenter. The indenter 

was modeled as a rigid body and the contact as frictionless. Also, large deformation 

computations were performed. The Von-Mises stress contours obtained and mesh 

design used for the analysis and the typical after indentation are shown in Fig. 2-3 and 

Fig. 2-4.  
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(a)                                                      (b) 

 

(c) 

 

(d)                                                       (e) 

Figure 2-3: A comparison of the Von-Mises stress contours for materials with different degrees of 

anisotropy where, (a) is a material with elastic anisotropy indented in the transverse direction, (b) is a 

material with plastic anisotropy indented in the transverse direction, (c) is an isotropic material, (d) is a 

material with elastic anisotropy indented in the longitudinal direction, (e) is a material with plastic 

anisotropy indented in the longitudinal direction. 
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Figure 2-4: The three-dimensional finite element model invoked for characterizing the indentation 

response of transversely isotropic materials. 

A typical model comprised of 12000 eight-noded, hex-elements, with a fine mesh 

near the contact region and a gradually coarser mesh further away to ensure numerical 

accuracy. The fine inner meshing and the coarser boundary meshing were connected 

by 30000 four-noded tetrahedral elements. It was ensured that at the maximum load, 

the minimum number of contact elements in the contact zone cross-section was no less 

than 225 in each finite element model. The mesh was determined to be insensitive to far 

field boundary conditions and was well tested for convergence.  

2.4 Results and discussion 

2.4.1 Computational results 

In the present study 120 materials that represent a wide range of elastic and 

plastic behavior were identified. The values of mean Young’s modulus E0 ranged from 

50 to 200 GPa, mean yield strength σ0 from 210 to 1400 MPa, strain hardening 

exponent n from 0 to 0.3, and Poisson’s ratio ν was fixed at 0.3. Also, the ratio of EL/ET 

and σL/ σT were varied from 1 to 2 for each of these cases.  
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Furthermore, for all the transversely isotropic materials, two types of indentations were 

considered:  

 Longitudinal indentations - Indentations perpendicular to the plane of isotropy 

and, 

 Transverse indentations - Indentations parallel to the plane of isotropy.  

The three-dimensional finite element model described in the previous section was 

used to obtain the complete longitudinal and transverse loading and unloading 

indentation responses for all the materials. Careful analysis was conducted to determine 

the exact forms of the dimensionless functions that best described the relationships 

between the material properties and the corresponding indentation response 

parameters. It was found that, in general, no single function was able to accurately 

capture the relationship between the material properties and the indentation parameters 

for the whole range of materials that were chosen for the analysis. However, by 

subdividing the whole range of materials into six smaller groups (as indicated in Fig. 2-

5), accurate dimensionless functions were obtained for each of the groups of materials.  

The equations are given in the form -  jkl, where ‘j’ varies from 1 to 3 and signifies 

the indenter type - 1 for 500, 2 for 600 and 3 for 70.30, ‘k’ varies from 1 to 3 and conveys 

the type of dimensionless function - 1 for C, 2 for Sm, 3 for Rw, and finally ‘i’ represents 

the material group and varies from 1 to 6. Furthermore, x, y, z and n, respectively, 

represent the properties E0, EL/ET, σL/σT and the strain hardening exponent. The 

complete set of dimensionless functions is provided in the appendix section. As an 

example: 
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Eq. 2.21 

 

Figure 2-5: A schematic illustrating the division of the material property database into six domains for the 

formulation of the forward and reverse algorithms. Ten prominent transversely isotropic engineering 

materials are also depicted in red. The major and minor axes of the ellipse depict the elastic and plastic 

anisotropy exhibited by these materials respectively. The ‘*’ indicate the position of isotropic materials 

chosen to construct the database. 

For the indentation of isotropic materials, a representative strain at which the 

loading curvatures of large number of materials could be independent of strain 

hardening may be identified. However, in the present study, where the indentation 

response of transversely isotropic materials is analyzed, such a strain level could not be 

identified owing to the higher number of material constants upon which the loading 

curvature depends.  
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2.4.2 Forward analysis/algorithms 

 The dimensionless functions identified in the present study can be readily 

invoked to construct a forward algorithm that can predict the longitudinal and transverse 

indentation response parameters of any given material within the range of properties 

considered in the present study. To confirm the robustness of the form and curve fit of 

the dimensionless functions used in the forward algorithm, the indentation response 

parameters of 120 materials (identified in the previous section) and 10 new set of 

materials properties, predicted by the forward algorithm were compared to the results 

obtained from finite element simulations for longitudinal and transverse indentations for 

all three indenters (with half cone angles of 50, 60 and 70.3 degrees). A good match 

was found between the predictions of the forward algorithm and the finite element 

simulations (Table 2.2).  

Table 2.2: Summary of the errors obtained in the prediction of the indentation responses of 130 
transversely isotropic materials through the forward analysis developed in the present study. (a) 
Indentation perpendicular to the plane of isotropy and (b) indentation parallel to the plane of isotropy. 

(a) 

Cone half angle % Error in C % Error in Sm % Error in Rw 

50 0.165 0.579 0.043 

60 0.301 0.308 0.046 

70 0.255 0.209 0.06 

(b) 

Cone half angle % Error in C % Error in Sm % Error in Rw 

50 1.442 0.893 0.221 

60 1.753 0.517 0.282 

70 1.652 0.343 0.376 
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2.4.3 Reverse analysis/algorithms 

The reverse analysis leads to the prediction of a material’s elastic and plastic 

properties using its indentation response. In the past, robust algorithms have been 

designed to predict the elastic and plastic properties of isotropic materials using distinct 

dimensionless functions. However, for the case of transversely isotropic materials, it is 

not easy to formulate such algorithms owing to an increase in the number of material 

properties that need to be predicted. In the present study, a novel approach to predict 

the material properties (using both longitudinal and transverse indentations) has been 

proposed.  

A large and dense database of 4800 materials within the domain of the original 120 

materials was identified. The indentation responses of all the 4800 materials were 

obtained using the forward algorithm. (This database was also divided into 6 parts of 

850 materials each and the corresponding set of dimensionless functions was used for 

the forward analysis.) The reverse analysis was then conducted as shown in Fig. 2-6. A 

step-wise procedure of the reverse analysis, which utilizes all 9 indentation parameters 

obtained from the P-h responses using the three different indenter angles, is 

enumerated as follows: 

1. The entire database of the forward analysis of 4800 materials is captured in a 

fourth order tensor DBijkl, where, i defines the part number that goes from 1 to 6, j 

defines the material position in the database that goes from 1 to 850 for each 

part, k defines the angle of the indenter for which the response in calculated 

which is l, 2 or 3, respectively, for 50, 60 or 70.3 degree cone angles 
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respectively, and l defines a particular aspect of the P-h response where 1, 2 or 

3, respectively, represent C, Sm or Rw. 

2. The P-h response (C, Sm, Rw) measured from indentation experiments with 

indenter angles of 50, 60 and 70.3 degrees is assigned to a matrix Qkl where, k 

and l hold the same definitions as above. 

3. Qkl is compared with DBijkl for each of the parts and their 850 materials. Two 

material property sets, which are closest to QkL, and their corresponding parts 

are determined. These two sets are assigned to matrices M1kl and M2kl, 

respectively. 

4. These two sets are used as seed material properties and a procedure similar to 

that used by Lan and Venkatesh [4] is then followed, as described below, to 

reach to the final result of the reverse analysis. 

5. For the chosen seed properties the corresponding indentation response 

parameters (C1, Sm1, Rw1, C2, Sm2, Rw2, C3, Sm3, Rw3) are obtained from the 

functional forms presented by the forward algorithms for the corresponding part 

to which Mkl belongs. 

6. The experimentally measured set of indentation parameters Qkl (from step 2) are 

compared to the indentation parameters computed in step 5. An error function 

that computes the total sum of the squares of errors of all the indentation 

response parameters is determined. 

7. If the error function produces an error below a certain lower critical threshold, 

(chosen as 99.98% accuracy in the indentation response parameters) the set Mkl 

is accepted as a feasible solution to the reverse analysis. 
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8. If not, the error function is minimized by systematically considering a number of 

combinations of material properties to obtain the best solution set for the 

materials elastic and plastic properties.  

9. If the iterative process leads to a physically non-feasible solution (n<0, EL/ET<1, 

σL/σT<1)1, the process is restarted (setting n=0, EL/ET= σL/σT=1) till a feasible 

solution is obtained. 

10. A condition of minimum accuracy in the indentation response parameters is set 

at 99.98%. The solution set which has lower error among M1kl and M2kl’s 

variations is reported as the final solution. 

 

Figure 2-6: Schematic illustrating the reverse analysis/algorithm developed in the present study for 
determining the elastic and plastic properties of transversely isotropic materials. 

In order to check and validate the reverse analysis, a total of 1400 materials were 

chosen and a cycle of forward and reverse analysis was conducted on all of them for 

                                                      

1
 Indentation is performed under the assumption that EL>ET and  L> T. 
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both longitudinal and transverse indentation. The results showed perfect match between 

the original material properties and the final material properties obtained using the 

reverse algorithm, thus proving the reversibility of the process.  

 

 

Figure 2-7: A comparison, for the initial 120 materials chosen, between actual material properties and 
those obtained through reverse analysis, for indentation perpendicular to the plane of isotropy. 
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Figure 2-8: A comparison, for the initial 120 materials chosen, between actual material properties and 
those obtained through reverse analysis, for indentation parallel to the plane of isotropy. 

In order to verify the robustness of the reverse algorithm the reverse analysis 

was performed on the original set of 120 materials whose P-h responses was 

determined through finite element computation. Figures 2-7 and 2-8 present a 

comparison of the true value of the elastic and plastic properties of the material with that 
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obtained through the reverse analysis. The reverse analysis was further validated with a 

set of twelve materials that was chosen from within the material property space. From 

the analysis it is evident that for both longitudinal and transverse indentations the 

reverse analysis yields reasonable results for all materials.  

The analysis described so far presented a reverse algorithm that assigned equal 

weights to the errors in the estimation of all the indentation response parameters (i.e., 

C, Sm, Rw). However, this could be modified depending on the needs and objectives to 

obtain targeted accuracy for a certain set of material properties which could be more 

useful than the others or for a certain domain of material properties if the domain is 

already known to some extent. However, it cannot always be said that a reasonable 

solution can be obtained with any arbitrary weight distribution. Thus, caution and 

practice are necessary to identify the optimal weight of each dimensionless function’s 

contribution to the error function.  

2.4.4 Uniqueness analysis 

2.4.4.1 Uniqueness of the forward analysis 

In order to verify the uniqueness of the forward algorithm, 130 materials were 

considered. Both finite element simulations and the forward analysis algorithm were 

used to calculate the indentation response parameters of these materials. The forward 

algorithms yielded a unique set of P-h responses (C, Sm, Rw) for all the 130 cases. A 

maximum of 6% or 7% mismatch was found between the results of the finite element 

analysis and those predicted by the forward algorithms for longitudinal or transverse 

indentations, while the average error of the forward analysis was found to be 0.2% or 



30 

 

0.85%, respectively, thus proving the high accuracy and uniqueness of the forward 

analysis (Table 2.2).  

2.4.4.2 Uniqueness of the reverse analysis 

In order to verify the uniqueness of the reverse analysis, the indentation 

parameters obtained by the finite element simulations for 130 materials were used as 

input parameters for the reverse analysis. It was found that each set of the indentation 

parameters mapped uniquely to its corresponding set of material properties, thus 

demonstrating the uniqueness of the reverse algorithm.  

For longitudinal indentations, 109 of the 120 sets of indentation parameters 

subjected to reverse analysis provided accurate and exact values of material properties. 

The remaining 11 provided results within a maximum error of 15% in material properties 

and an average error of 3%. 8 of the additional 12 cases considered for reverse 

analysis yielded exact results with the maximum error for the remaining 4 being under 

25% and an average error that was less than 7% (Table 2.3).  

For transverse indentations, 99 of the 120 cases of indentation parameters 

subjected to reverse analysis provided accurate and exact values of material properties. 

The remaining 21 provided results within a maximum error of 17% in material properties 

and an average error of 6%. 6 of the additional 10 cases considered for reverse 

analysis yielded exact results with the maximum error for the remaining 4 being under 

30% and an average error that was less than 8% (Table 2.3).  
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Table 2.3: Summary of the errors obtained in the determination of the elastic and plastic properties of 130 
transversely isotropic materials through the reverse analysis developed in the present study. 

Reverse 
Analysis 

Average 
% Error 

E
0
 

Std 
Dev 

 

Average 
% Error 

E
L
/E

T
 

Std 
Dev 

 

Average 
% Error 

σ
0
 

Std 
Dev 

 

Average 
% Error 

σ
L
/σ

T
 

Std 
Dev 

 

Average 
% Error 

n 

Std 
Dev 

 

120 Cases: 
Longitudinal 

Indent 
0.21 0.76 0.86 2.84 0.24 0.83 0.61 2.29 0 0 

10 Cases: 
Longitudinal 

Indent 
1.50 3.47 4.60 10.68 2.13 3.83 5.36 10.23 0 0 

120 Cases: 
Transverse 

Indent 
0.866 1.07 4.8 5.24 0.4 2.64 4.80 9.39 0 0 

10 Cases: 
Transverse 

Indent 
2.50 4.36 5.60 9.74 3.13 4.37 4.36 10.78 0 0 

 

2.4.5 Sensitivity analysis 

2.4.5.1 Sensitivity of the forward analysis 

A sensitivity analysis similar to that used for the indentation studies of isotropic 

materials [e.g.,[38]] is invoked in the present study. The original set of 120 materials 

was first used to check the sensitivity of the forward analysis. It was observed that a 

±5% change in any one of the material properties leads to a variation of no more than 

±7.5% in the indentation response parameters for indentations perpendicular to the 

plane of isotropy and ±10% for indentations parallel to the plane of isotropy. This 

confirms the low sensitivity and robustness of the forward analysis. 
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2.4.5.2 Sensitivity of the reverse analysis 

For both longitudinal and transverse indentations, each indentation parameter (C, 

Sm, Rw), was varied through ±2% (about its true value) and the corresponding variation 

in the material properties predicted by the reverse analysis was observed. Table 2.4 

presents a comparison of the material properties predicted by the reverse analysis 

using the true indentation parameters and those predicted with a +2% variation in the 

values of C, Sm and Rw about their true values. Similarly, sensitivity studies were 

conducted on -2% variations in the values of C, Sm and Rw about their true values as 

well.  

Table 2.4: Summary of the variations in the elastic and plastic properties of 130 transversely isotropic 
materials obtained through the reverse analysis in response to simulated variability of about ±2% in the 
experimentally measured indentation responses. (a) Indentation perpendicular to the plane of isotropy 
and (b) indentation parallel to the plane of isotropy. 

(a) 

 

 

 

Variation % E0 
Std 
Dev 

% 
EL/ET 

Std 
Dev 

% σ0 
Std 
Dev 

% 
σL/σT 

Std 
Dev 

n 
Std 
Dev 

2% in C 0.58 1.33 4.55 6.8 0.73 1.71 6.97 5.87 0 0 

-2% in C 0.74 1.42 3.52 6.62 0.814 1.51 6.655 6.29 0 0 

2% in S 1 1.66 8.3 7.78 1.1 1.84 4.1 5.92 0 0 

-2% in S 1.77 1.80 5.9 6.19 1.72 2.13 6.81 9.17 0 0 

2% in W 0.22 0.76 0.86 2.84 0.24 0.82 0.62 2.29 0 0 

-2% in W 3.45 1.93 5.75 3.06 3.4 1.99 9 5.93 0 0 
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(b) 

Variation % E0 
Std 
Dev 

% 
EL/ET 

Std 
Dev 

% σ0 
Std 
Dev 

% 
σL/σT 

Std 
Dev 

n 
Std 
Dev 

2% in C 1.7 2.93 10.9 8.58 3.16 6.27 14 15.49 0 0 

-2% in C 2.2 3.32 14.1 13.42 4.8 8.87 12.2 16.32 0 0 

2% in S 2.55 3.84 12.9 17.95 4.7 8.48 12.6 13.73 0 0 

-2% in S 1.72 2.87 15 17.61 4.1 8.375 12 12.86 0 0 

2% in W 5.1 3.83 22.4 15.96 8.9 10.63 20.1 15.35 0 0 

-2% in W 3.4 2.86 16.7 12.56 7.4 6.95 20.7 13.65 0 0 

 

In general, the variation in material properties obtained by the reverse analysis to 

±2% in the values of C, Sm and Rw about their true values is low. For example, the 

maximum errors in the estimation of the elastic and plastic properties - EL/ET and σL/σT 

are, respectively, about 8% and 7%, in longitudinal indentations. However, the 

corresponding errors in the transverse indentations are around 22% and 20%. The 

material properties ET and σT exhibit higher sensitivity to variations in the indentation 

parameters. All material properties exhibit high sensitivity to variations in Sm while they 

exhibit relatively low sensitivity to variations in Rw.  

As these sensitivity studies were designed to capture real experimental 

measurement errors that tend to be around ±2%, it can be concluded that the sensitivity 

of the reverse algorithm is within reasonably acceptable limits from a practical 

perspective as well.  
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A comparison of the average material properties of transversely isotropic 

materials determined through the reverse analysis based on finite element simulations 

of isotropic materials and the reverse analysis developed in the present study that is 

based on the finite element simulations of transversely isotropic materials was also 

made (Table 2.5). While the average elastic properties of the transversely isotropic 

materials (i.e., Eo) may be determined within about 30% error using the algorithms 

developed earlier for isotropic materials, there could be significant errors (of the order of 

80% or more for certain materials) in the determination of the average plastic properties 

(i.e., σo and n). Thus, the algorithms developed in the present study are expected to 

provide accurate and robust estimates for the elastic and plastic properties of 

transversely isotropic materials. 



35 

 

Table 2.5: A comparison of the average material properties of transversely isotropic materials determined through the reverse analysis based on 
finite element simulations of isotropic materials and the reverse analysis developed in the present study that is based on the finite element 
simulations of transversely isotropic materials. (a) Indentation perpendicular to the plane of isotropy and (b) indentation parallel to the plane of 
isotropy. 

(a) 

 

 
 
 
 
 

Mat. Actual properties 
Present reverse algorithm predicted 

properties 
Dao et. al. predicted 

properties 
Error in isotropic 

predicted properties 

 
E 

(GPa) 
EL/ET 

σ 
(MPa) 

σL/σT n 
E 

(GPa) 
EL/ET 

σ 
(MPa) 

σL/σT n 
E 

(GPa) 
σ 

(MPa) 
n 

% 
Error E 

% Error 
σ 

% 
Error n 

1 100 1 500 1 0.1 100 1 500 1 0.1 105.3 485.9 0.11 5.30 2.82 10.00 

2 150 1 875 1 0.1 150 1 875 1 0.1 160.1 800 0.116 6.73 8.57 16.00 

3 200 1 1400 1 0.1 200 1 1400 1 0.1 214 1280 0.12 7.00 8.57 20.00 

4 100 2 500 1 0.1 100 2 500 1 0.1 83.77 531.3 0.105 16.23 6.26 5.00 

5 100 1 500 2 0.1 100 1 500 1.9 0.1 100.9 448.8 0.136 0.90 10.24 36.00 

6 100 2 500 1 0.3 100 2 500 1 0.3 80 650 0.23 20.00 30.00 23.33 

7 100 1 500 2 0.3 100 1 500 1.8 0.3 100.6 557.77 0.29 0.60 11.55 3.33 

8 150 2 875 1 0.1 150 2 875 1 0.1 124.4 956.8 0.096 17.07 9.35 4.00 

9 150 1 875 2 0.1 150 1 875 2 0.1 155.3 1117.4 0.107 3.53 27.70 7.00 

10 150 2 875 1 0.3 150 2 875 1 0.3 120 1197 0.2 20.00 36.80 33.33 

11 150 1 875 2 0.3 150 1 875 2 0.3 153 971 0.286 2.00 10.97 4.70 

12 200 2 1400 1 0.1 200 2 1400 1 0.1 165 1553.2 0.091 17.50 10.94 9.00 

13 200 1 1400 2 0.1 200 1 1400 1.7 0.1 220 1250 0.16 10.00 10.71 60.00 

14 200 2 1400 1 0.3 200 2 1400 1 0.3 159 2097.2 0.2 20.50 49.80 33.33 

15 200 1 1400 2 0.3 200 1 1400 1.9 0.3 205.7 1586 0.27 2.85 13.29 10.00 
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(b) 
 

 
 

 

Mat. Actual properties 
Present reverse algorithm predicted 

properties 
Dao et. al. predicted 

properties 
Error in isotropic 

predicted properties 

 
E 

(GPa) 
EL/ET 

σ 
(MPa) 

σL/σT n 
E 

(GPa) 
EL/ET 

σ 
(MPa) 

σL/σT n 
E 

(GPa) 
σ 

(MPa) 
n 

% 
Error E 

% Error 
σ 

% 
Error n 

1 100 1 500 1 0.1 100 1 500 1 0.1 106 486 0.1 6.00 2.80 20.00 

2 150 1 875 1 0.1 150 1 875 1 0.1 151 880 0.1 0.87 0.57 20.00 

3 200 1 1400 1 0.1 200 1 1400 1 0.1 210 1300 0.1 5.00 7.14 10.00 

4 100 2 500 1 0.1 100 2 500 1 0.1 118 340 0.2 18.25 32.00 100.00 

5 100 1 500 2 0.1 100 1 500 2 0.1 105 605 0.1 5.00 21.00 27.00 

6 100 2 500 1 0.3 100 2 500 1 0.3 114 450 0.3 14.00 10.00 3.33 

7 100 1 500 2 0.3 100 1 500 2 0.3 104 917 0.2 4.00 83.40 26.67 

8 150 2 875 1 0.1 150 2 875 1 0.1 176 600 0.2 17.33 31.43 100.00 

9 150 1 875 2 0.1 150 1 875 2 0.1 155 1110 0.1 3.33 26.86 0.00 

10 150 2 875 1 0.3 150 1.9 875 1 0.3 172 804 0.3 14.67 8.11 6.67 

11 150 1 875 2 0.3 150 1 875 2 0.3 155 805 0.2 3.67 8.00 30.00 

12 200 2 1400 1 0.1 200 2 1400 1 0.1 235 947 0.2 17.50 32.36 100.00 

13 200 1 1400 2 0.1 200 1 1400 2 0.1 206 1917 0.1 3.00 36.93 30.00 

14 200 2 1400 1 0.3 200 1.9 1400 1 0.3 230 1300 0.3 15.00 7.14 8.33 

15 200 1 1400 2 0.3 200 1 1400 2 0.3 205 1700 0.2 2.50 21.43 33.33 
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2.5 Application of the forward and reverse indentation analyses to 

engineering materials  

Forward and reverse analysis was carried out for three isotropic materials, Al 6061 

T651, Al 7075 T6511 and Copper, whose dual indentation (70.3 and 60 degree cone 

angle) experimental results has been reported in literature [34, 46]. In spite of there 

being data for only two indentation angles the results of the forward and reverse 

analysis agree closely with the experimental data as shown in Fig. 2-9.  This shows that 

the algorithms developed can be used even without having a complete data set of P-h 

curves. However, a complete data set of all three indenter angles provides a much 

higher confidence measure for the obtained results.  

Also, three transversely isotropic materials known from literature [45], (i.e., Al 

2030 T7, Al 15% SiC and Ti-15V3Cr-3Al-3Sn) were considered for the forward and 

reverse analysis. First, the longitudinal indentation ‘experiments’ of these three 

materials with two indenter cone angles were simulated using three-dimensional finite 

element simulations and their corresponding ‘pseduo-experimental’ indentation 

responses (i.e., P-h curves) were obtained (Fig. 2-10). Subsequently, these indentation 

responses were used as input for the reverse analysis to predict the elastic and plastic 

properties (Fig. 2-11). It is demonstrated that the forward algorithm predicts the 

indentation responses and the reverse algorithm predicts the elastic and plastic 

properties of these transversely isotropic materials with good accuracy.  
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(a)                                                                                 (b) 

 

(c)                                                                                        (d) 

Figure 2-9: A comparison between forward analysis and experimentally obtained data for isotropic 
materials: (a) Al 6061 T651, (b) Al 7075 T6511. (c) Cu, (d) reverse analysis results compared with actual 
material properties. 

                                                                                  
(a)                                                                 (b) 
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(c) 

Figure 2-10: A comparison between forward analysis and experimentally obtained data for transversely 
isotropic materials: (a) Al 2030 T7, (b) Al-15%SiC, (c) Ti-15V3Cr-3Al-3Sn. 

 

        (a)                                                              (b) 

 

(c) 

Figure 2-11: A comparison between reverse analysis and data obtained from literature for transversely 
isotropic materials: (a) Al 2030 T7, (b) Al-15%SiC, (c) Ti-15V3Cr-3Al-3Sn. 
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2.6 Conclusions 

Prior studies have largely focused on developing the forward and reverse 

indentation analysis of isotropic materials. As there are several engineering ‘bulk’ and 

‘thin film’ materials which are transversely isotropic in nature and exhibit varying 

degrees of elastic and plastic anisotropy, there is a compelling need to understand the 

indentation behavior of such transversely isotropic materials. Hence, the principal 

objective of the present study was to obtain a comprehensive understanding of the 

indentation response of transversely isotropic materials. The main conclusions from the 

present study are highlighted as follows: 

(i) Using a combination of dimensional analysis and large deformation finite 

element simulations of triple indentations of 120 materials, a framework for 

capturing the indentation response of transversely isotropic materials was 

developed. 

(ii) By constructing a dense database of over 4800 combinations of material 

properties within the bounds of the original set of 120 materials, forward 

algorithms that predicted the indentation response of materials and the 

reverse algorithms that helped estimate the material elastic and plastic 

properties from measured indentation responses were formulated for both 

longitudinal and transverse indentations.  

(iii) Issues of accuracy, reversibility, uniqueness, and sensitivity within the context 

of the indentation of transversely isotropic materials were addressed carefully. 

Using 1400 combinations of material properties, it was demonstrated that 
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there was perfect reversibility between the material properties and their 

indentation responses as predicted by the forward and reverse algorithms.  

(iv) A maximum of 6% and 7% mismatch was found between the results of the 

finite element analysis and those predicted by the forward algorithms 

respectively for longitudinal and transverse indentations, while the average 

error of the forward analysis was found to be 0.2% or 0.85%, respectively, 

thus demonstrating the high accuracy and uniqueness of the forward 

analysis.  

(v) For longitudinal indentations, 109 of the 120 sets of indentation parameters 

subjected to reverse analysis provided accurate and exact values of the 

material properties. The remaining 11 provided results within a maximum 

error of 15% in material properties and an average error of 3%. For 

transverse indentations, 99 of the 120 cases of indentation parameters 

subjected to reverse analysis provided accurate and exact values of the 

material properties. The remaining 21 provided results within a maximum 

error of 17% in material properties and an average error of 6%.  

A sensitivity analysis using 120 cases with a ±2% variation in the material properties 

in the forward algorithm and ±2% variation in the indentation responses in the reverse 

algorithms demonstrated the robustness of the algorithms developed in the present 

study, with the longitudinal indentations providing relatively less sensitivity to variability 

in indentation responses as compared to the transverse indentations.  
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3 Indentation hardness in transversely isotropic materials 

 

 

3.1 Introduction 

Over the past two decades the investigation of the elastic, plastic and hardness 

properties using instrumented indentation techniques has steadily gained the interest 

and focus of many studies e.g., [2, 4-6, 16, 18, 31, 34, 35, 38, 39, 42, 47-63] The 

motivation behind developing techniques to predict hardness of materials spawns from 

its simplicity and versatility in applications which require property determination of small 

volume materials like thin films and surface coatings.  

However, much of the prior studies have focused on studying the indentation 

response and hardness characteristics of isotropic materials. As most thin film and 

several bulk materials exhibit varying degree of anisotropy in both the elastic and plastic 

domain, it is imperative to understand the indentation behavior and hardness response 

of such anisotropic materials.  

In the previous chapter, the indentation behavior of transversely isotropic 

materials was analyzed and a framework was developed to connect the material elastic 

and plastic properties with their indentation responses through the indentation forward 

and reverse algorithms. In the present study, a comprehensive understanding of the 

hardness characteristics of transversely isotropic materials is developed.  

The principal objectives of the present study are: 
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(i) To formulate a method to predict the indentation hardness of transversely 

isotropic materials with a knowledge of the elastic and plastic properties of the 

indented materials.  

(ii) To develop a method to predict the indentation hardness of transversely 

isotropic materials with a knowledge of the indentation force-depth response 

of the indented materials without explicitly measuring the area of contact.  

(iii) To develop an understanding of the variation of hardness with the elastic and 

plastic properties of a wide range of transversely isotropic materials. 

(iv) To identify relationships between the indentation hardness of transversely 

isotropic materials and the yield stress and the Tabor’s representative 

stress[64]. 

The present chapter is organized as follows. A brief description of the 

fundamentals of indentation and indentation hardness is presented in section 3.2. A 

framework based on dimensional analysis and computational modeling for 

understanding the indentation response of transversely isotropic materials is formulated 

in section 3.3. The results of the indentation simulations and the algorithms developed 

for predicting the hardness of transversely isotropic materials are presented in section 

3.4. The relationship of hardness to material properties are examined in section 3.5. 

Principal conclusions are highlighted in section 3.6. 

3.2 Indentation hardness 

Instrumented indentation involves indenting a substrate material with a (flat, sharp 

or spherical) indenter and observing the corresponding force (P) - depth (h) relationship 
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during the loading and unloading cycles. As indentation theory has been taken up in 

detail in the previous chapter, only those equations pertaining to hardness shall be 

discussed here. The notations used here are the same as those used in the previous 

work. 

Indentation hardness of a material is defined as the ratio of load to projected area 

of contact. 

m

m

A

P
H                                             Eq 3-1 

where, Am is the true projected area of contact at maximum load Pm. 

The other pertinent parameters obtained from sharp indentation are: 

2ChP                                                  Eq 3-2 

mh

u
m

dh

dP
S 








                                           Eq 3-3 

T

P
W

W

W
R                                            Eq 3-4 

where, C is the loading curvature, Sm is the slope of the unloading curve at maximum 

depth, and Rw is the plastic work ratio. 
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In the case of transversely isotropic materials, indentation can be performed 

either perpendicular or parallel to the plane of isotropy. These two cases are referred to 

as longitudinal and transverse indentations, respectively, in this study.  

In general, the P-h response and the area of contact (i.e., the true projected area 

of contact after accounting for pile up or sink in) of a transversely isotropic material 

(e.g., with σL/σT =2; σL = 0.28 GPa and σT = 0.14 GPa) varies considerably from its 

isotropic counterpart for which the elastic and plastic properties are obtained as a 

simple average of the properties of the transversely isotropic material (e.g., σ0 = 0.21 

GPa) (Fig. 3-1, 3-2). It can be observed in Fig. 3-2, the indentation imprint for transverse 

indentation shows a varying degree of pile-up/sink-in owing to the lack of symmetry of 

material properties in the transverse plane. The projected area of contact in this case is 

an ellipse and the value of Am is also calculated then as the area of this ellipse. 

Overall, the indentation hardness of transversely isotropic materials is expected 

to depend on the direction of indentation with respect to the plane of isotropy.  

 

(a)                                                       (b) 
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(c) 

 

(d)                                                       (e) 

Figure 3-1: A comparison of the vertical displacement contours displaying the pile-up/sink-in for materials 
with different degrees of anisotropy where, (a) material with elastic anisotropy indented in the longitudinal 
direction, (b) material with plastic anisotropy indented in the longitudinal direction, (c) isotropic material, 
(d) material with elastic anisotropy indented in the transverse direction, (e) material with plastic anisotropy 
indented in the transverse direction. 

 

Figure 3-2: A comparison of indentation profiles, for the two in-plane directions x and z, for materials with 
different degree of isotropy. Here, (x,y) depict the anisotropy in the elastic and plastic regime. 
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3.3 Framework for the indentation analysis of transversely isotropic 

materials 

 In the present study, a combination of dimensional analysis and finite element 

simulations is invoked to establish the relationships between the elastic and plastic 

properties of transversely isotropic materials and hardness for longitudinal and 

transverse indentation.  

3.3.1 Dimensional analysis 

In prior studies, dimensional analysis has been invoked to identify closed form 

universal functions that capture the indentation behavior of isotropic materials. In the 

present chapter, as described below, dimensional analysis is invoked to develop closed 

form universal functions to capture the indentation behavior with respect to hardness 

and true projected contact area of transversely isotropic materials.  

For a sharp indenter with a cone half angle of θ, the load P required to indent a power 

law hardening transversely isotropic material can be written as follows. The parameters 

used here hold the same definitions as those used in chapter 2. 
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Using dimensional analysis Eq. (3-5) becomes 
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The area of contact Am can be written as: 
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And also as, 
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Now dividing equation 3-6 by equation 3-8 we get for hardness Hm: 
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                                                                                Eq 3-9 

For θ=70.3 degrees. 

As the present discussion considers two different indentation orientations, and 

focuses on the area of contact and indentation hardness, equations 3-8 and 3-9 can be 

changed each into two distinct equations as:  
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 ; i =1, 2.                       Eq 3-11 

Where, i =1, 2 represents the direction of indentation for longitudinal and transverse 

indentation respectively.  

The actual forms of these dimensionless functions and their construction are discussed 

in the next section and summarized in the appendix section. 
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3.3.2 Computational modeling 

As described in the companion article, three-dimensional finite element models 

were developed, in ABAQUS, to simulate the indentation of a large number of 

transversely isotropic materials which exhibit a wide range of elastic and plastic 

anisotropy. A rigid, frictionless conical indenter with a cone half angle of 70.3 degrees 

was used for the simulations which have been shown to be equivalent to indentations 

with a Berkovich indenter. The indentation load-depth response characteristics and the 

area of contact under maximum load for both longitudinal and transverse indentations 

were obtained.  

Careful analysis was conducted to determine the exact forms of the 

dimensionless functions that best described the relationships between the material 

elastic and properties, the corresponding indentation response parameters and the 

material hardness. 

The range of materials chosen was split into six groups as shown in Fig. 3-3. Ten 

prominent transversely isotropic engineering materials are also depicted in red. The 

major and minor axes of the ellipse depict the elastic and plastic anisotropy exhibited by 

these materials respectively. By subdividing the whole range of materials considered in 

the analysis into six smaller groups, accurate dimensionless functions that relate the 

hardness of the transversely isotropic materials with the material properties were 

obtained for each of the groups of materials. For example, the detailed form of one of 

the expressions is given as follows:  
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The equations are presented as  jkl, where j varies from 1 to 2 and signifies the 

indenter orientation - 1 for longitudinal indentation and 2 for transverse indentation; k 

varies from  4 to 5 and conveys the type of dimensionless function - 4 for Am and 5 for 

Hm; and l represents the group number and varies from 1 to 6. X, Y and Z represent the 

properties E0, EL/ET and σL/σT respectively, and n represents the strain hardening 

exponent. 

 

Figure 3-3: A schematic illustrating the material property database for the formulation of the forward and 
reverse algorithms. (a) Depicts the distribution of commonly occurring anisotropic materials with respect 
to the database chosen. The ‘*’ indicate the position of isotropic materials chosen to construct the 
database. (b) Depicts the division of the database into six domains for the formulation of the forward and 
reverse algorithms. 
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3.4 Results  

In the present study, two methods to predict the hardness of transversely isotropic 

materials have been identified.   

3.4.1 Hardness prediction from known material properties 

In the first method, the hardness of the transversely isotropic materials can be 

predicted from known elastic and plastic properties of the indented substrate materials 

for longitudinal and transverse indentations. For both classes of indentation, the process 

involves two main steps: 

 Determining the part of the database within which the material under 

consideration is bounded. 

 Applying the corresponding dimensionless function to obtain the values of the 

contact area and the indentation hardness for the two indenter orientations. 

The dimensionless functions presented here were validated by testing them on the 

120 initial materials chosen to create the database as well as 10 different materials with 

properties scattered within the database. The values for the contact areas and the 

indentation hardness obtained through the algorithm proposed here were then 

compared with the corresponding true values observed from the finite element 

simulations conducted. An excellent match between the two was observed, thus proving 

the validity of the algorithm. Fig. 3-4 provides a comparison of the actual value of the 

hardness of the material to that obtained through the analysis conducted. 
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 (a)                                                            (b) 

Figure 3-4: A comparison between actual hardness and that obtained through analysis from known 
material properties, for 130 chosen materials, for (a) indentation perpendicular to the plane of isotropy 
and (b) for indentation parallel to the plane of isotropy. 

 

 (a)                                                              (b) 

Figure 3-5: A comparison between actual hardness and that obtained through analysis from known 
indentation curve properties, for 130 chosen materials, for (a) indentation perpendicular to the plane of 
isotropy and (b) for indentation parallel to the plane of isotropy. 

3.4.2 Hardness prediction from known indentation response  

In the second method, the hardness of the transversely isotropic materials can be 

predicted from the indentation response of the indented material. In this method, the 

reverse algorithm presented in the previous chapter is first invoked to determine the 

properties of the indented materials from the measured indentation response. 
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Subsequently, the hardness and area of contact between the indenter and substrate is 

determined in a manner similar to that described in section 3.4.1. Thus, from known 

indentation response of a transversely isotropic the hardness of the material is then 

predicted without the need to actually measure the area of contact. The accuracy of the 

hardness predictions depends on the accuracy of the reverse analysis used to predict 

the materials properties, which has been demonstrated to be very good in the previous 

chapter. Fig. 3-5 shows a comparison of actual hardness values to that obtained by 

using the material properties obtained through reverse analysis. 

3.5 Discussion 

The variation of hardness with the elastic and plastic properties of transversely 

isotropic materials and the relationships between the hardness and the yield stress and 

Tabor’s representative stress were carefully studied. 

3.5.1 Variation of hardness with elastic and plastic anisotropy 

Fig. 3.6-3.9 present the variation of hardness with elastic and plastic properties of 

transversely isotropic materials from which the following observations are made (which 

are common to both longitudinal and transverse indentation hardness). 

(i) Hardness increases with an increase in the strain hardening exponent, the 

average yield stress and the average elastic modulus. 

(ii) Multiple materials with different combination of properties can exhibit 

identical hardness values.  

(iii) Hardness tends to be higher for materials with plastic anisotropy and lower 

for materials with elastic anisotropy. 
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(iv) The change in hardness due to plastic anisotropy is higher than that due to 

an equivalent elastic anisotropy.  

(v) The rate of change of hardness with elastic anisotropy is greater at higher 

strain hardening values. 

(vi) At low plastic anisotropy and low strain hardening, there is little variation in 

the transverse hardness with elastic anisotropy. At high plastic anisotropy 

there is a more distinct reduction in transverse hardness with increase in 

elastic anisotropy. 

(vii) Transversely isotropic materials with identical average material properties 

can have elastic and plastic anisotropies in combinations which yield 

identical hardness values. However, the probability of both the longitudinal 

and transverse hardness being identical for different materials is small. 

 

(a)                                                    (b) 
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(c)                                                    (d) 

 

(e)                                                   (f) 

Figure 3-6:(a), (c), (e) for E0/σ0=160 and n=0, 0.1, 0.3 respectively and (b), (d), (f) for E0/σ0=220 and n=0, 
0.1, 0.3 for longitudinal indentation. 

 

(a)                                                  (b) 
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(c)                                                  (d) 

 

 (e)                                                    (f) 

Figure 3-7: (a), (c), (e) for E0/σ0=160 and n=0, 0.1, 0.3 respectively and (b), (d), (f) for E0/σ0=220 and n=0, 
0.1, 0.3 respectively for transverse indentation. 

 

(a)                                                 (b) 
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(c)                                                   (d) 

 

 (e)                                                  (f) 

Figure 3-8: (a), (c), (e) for n=0, 0.1, 0.3 respectively for longitudinal indentation and (b), (d), (f) for n=0, 
0.1, 0.3 respectively for transverse indentation. 

 

(a)                                                (b) 
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 (c)                                                  (d) 

Figure 3-9: Variation of indentation hardness with varying degree of elastic and plastic transverse isotropy 
for a material with average yield stress of 0.875 GPa and average Young’s modulus of 150 GPa for, (a), 
longitudinal indentation with no strain hardening, (b), longitudinal indentation of a material with strain 
hardening coefficient = 0.3, (c), transverse indentation of a material with no strain hardening, and (d), 
transverse indentation of a material with strain hardening coefficient = 0.3. 

3.5.2 Relationship of hardness with yield stress and representative stress 

Within the context of the range of materials considered in the present study, the 

relationships between the hardness of transversely isotropic materials in the longitudinal 

and transverse directions, to the average yield stress and the Tabor’s representative 

stress are examined. Fig. 3-10 shows contour plots of the variation of 
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   (a)                                                 (b) 
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(c) 

 

    (d)                                                 (e) 

Figure 3-10: Variation of the ratio of hardness over average yield stress σ0, with varying strain hardening 
and E0/σ0. Where, (a) material with elastic anisotropy indented in the longitudinal direction, (b) material 
with plastic anisotropy indented in the longitudinal direction, (c) isotropic material, (d) material with elastic 
anisotropy indented in the transverse direction, (e) material with plastic anisotropy indented transverse in 
the direction. 

Earlier work by Tabor (on isotropic materials) suggests that hardness can be 

approximately related to the representative stress as 3








t

H


. Here, σt is the tabor 

representative stress and is defined as the stress at strain 
  


tan1

22.0
2

t . For the 

case of conical indentation with a cone half angle of 70.3 degrees, the value of 

representative strain is approximated to 8%. In order to investigate these characteristics 

for the case of transversely isotropic materials, the ratio of longitudinal and transverse 
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hardness to average representative yield stress, for isotropic, elastically anisotropic, and 

plastically anisotropic materials is studied. Fig. 3-11 presents contour plots of the 

variation of hardness over average tabor representative stress with varying strain 

hardening and 
0

0



E
. The average Tabor representative stress was calculated as the 

average of the longitudinal and transverse stresses at 8% strain. The ratios 








0

H
 and 










t

H


 are referred to as R0 and Rt, respectively, in this discussion. 

From these studies the following observations are made: 

(i) For materials with no strain hardening, the ratio R0 is greater for materials 

with plastic anisotropy than the isotropic case and lesser for materials with 

elastic anisotropy for both longitudinal and transverse indentations. 

(ii) For materials with no strain hardening, the ratio R0 can vary from 2.5 to 3.5 

depending on the properties of materials and degree of anisotropy. 

(iii) For materials with strain hardening, R0 can be as high as 10. 

(iv) Rt can take values varying from 2.2 to 4 for the range considered, depending 

on the degree of anisotropy and the materials properties. While, Rt takes 

values considerably closer to 3 for all strain hardening than R0, the variation 

in Rt is still too large for it to be approximated to a single value. 

(v) Rt is greater for materials with plastic anisotropy than the isotropic case and 

lesser for materials with elastic anisotropy for both longitudinal and transverse 

indentation. 
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   (a)                                                 (b) 

 

  (c) 

 

 (d)                                              (e) 

Figure 3-11: Variation of the ratio of hardness over representative stress from σL and σT averaged, as 
defined by Tabor et. al. with varying strain hardening and E0/σ0. Where, (a) material with elastic 
anisotropy indented in the longitudinal direction, (b) material with plastic anisotropy indented in the 
longitudinal direction, (c) isotropic material, (d) material with elastic anisotropy indented in the transverse 
direction, (e) material with plastic anisotropy indented transverse in the direction. 
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3.6 Conclusion 

Much of the prior studies in the field of hardness have focused on developing an 

understanding of the hardness characteristics of isotropic materials. However, several 

engineering materials in the bulk and thin film form exhibit varying degrees of elastic 

and plastic anisotropy and a comprehensive understanding of the hardness behavior of 

such transversely isotropic materials is not yet available. Hence, the present study was 

focused on developing a framework for predicting and understanding the hardness 

characteristics of transversely isotropic materials. The principal conclusions from the 

present study are given below.  

(i) Hardness increases with an increase in the strain hardening exponent, the 

average yield stress and the average elastic modulus. 

(ii) Multiple materials with different combination of elastic and plastic properties 

can exhibit identical hardness values.  

(iii) Hardness tends to be higher for materials with plastic anisotropy and lower for 

materials with elastic anisotropy. The change in hardness due to plastic 

anisotropy is higher than that due to an equivalent elastic anisotropy. The rate 

of change of hardness with elastic anisotropy is greater at higher strain 

hardening values. 

(iv) For materials with no strain hardening, the hardness to average yield stress 

ratio (R0) is greater for materials with plastic anisotropy than the isotropic 

case and lesser for materials with elastic anisotropy for both longitudinal and 

transverse indentations. 
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(v) For materials with no strain hardening, the ratio R0 can vary from 2.5 to 3.5 

depending on the materials properties and degree of anisotropy. For 

materials with strain hardening, R0 can be as high as 10. 

(vi) The hardness to Tabor’s representative stress ratio (Rt) can take values 

varying from 2.2 to 4, depending on the degree of anisotropy and the 

materials properties. Rt is greater for materials with plastic anisotropy than the 

isotropic case and lesser for materials with elastic anisotropy for both 

longitudinal and transverse indentation. 
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4 Indentation fatigue behavior of transversely isotropic 

materials 

 

 

4.1 Introduction 

Cyclic loading and fatigue behavior of metals has considerable significance in 

engineering applications. A metal subject to cyclic fatigue loading displays crack 

initiation and growth with increase in number of cycles. Paris law defines the crack 

propagation in a material as a power law of the range of the stress intensity factor ΔK = 

Kmax – Kmin. Recent studies [65, 66] have shown that the crack growth depends on both 

the intrinsic mechanism of crack advance ahead of the crack tip and the extrinsic 

mechanism of crack tip shielding behind the tip. These studies have proposed that the 

crack growth is a power law function of Kmax as well as of ΔK.  

nm
KCK

dN

da
 max                                                                                                 Eq 4-1 

Where, ‘a’ is the crack length and m, n and C are empirical constants that depend on 

the materials properties, loading rate, microstructure, and environment, etc.  

Studies have been made in the past exploring the utility of instrumented 

indentation for cyclic fatigue loading to determine the fatigue properties of materials [9, 

11, 12, 67-73]. Instrumented indentation provides distinct advantages over other 

techniques owing to the advantage of being able to test smaller and smaller samples 
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and also to determine localized properties of the material as opposed to a bulk property 

prediction. Owing to the growing application of micro and nano scale structures and thin 

films, it has become imperative to be able to test materials for their fatigue life on very 

small scales. Indentation fatigue testing presents a simple solution to this problem. 

Studies using instrumented indentation have shown that when subject to cyclic 

indentation fatigue loading, the indenter can continuously sink into the specimen, with 

each cycle, under the same maximum load. It has also been demonstrated that 

indentation fatigue depth propagation is similar to fatigue crack propagation when the 

material is subject to over- and underloading conditions. A quantitative analysis was 

undertaken by Xu et. al [10] to develop a fatigue depth propagation law for indentation 

with a flat cylindrical indenter. The work by Xu et. al provides a law for indentation 

fatigue depth propagation. Their study however, works under the assumption of 

isotropic material properties and does not accommodate any anisotropy that may be 

present in the material.  

The present study attempts to shed some light on the change in the cyclic 

indentation behavior as a result of transverse isotropy in the plastic domain of metals 

occurring during its fabrication process like rolling, extruding etc.  

This chapter is organized as follows. Indentation fatigue behavior and the need for 

studying the effect of plastic anisotropy on indentation fatigue is explained in section 

4.2. Transversely isotropic material indentation and the variation of indentation fatigue 

response with plastic anisotropy are discussed in section 4.3. Section 4.4, makes 

observations on the extrapolation of the indentation fatigue law proposed by Xu et al. to 
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account for the degree of anisotropy in the metal. A few conclusions and possible future 

avenues are discussed in section 4.5. 

4.2 Indentation fatigue response 

As mentioned in the previous section, under cyclic fatigue indentation the indenter 

is found to continuously sink into the specimen with each cycle. This phenomenon can 

be attributed to the dissipation of energy in the plastic zone under the indenter. The 

effect is best noticed in flat indentations due to its wide plastic zone. The rate of sinking 

in of the indenter has been found to be dependent on the maximum load as well as the 

load amplitude given. The process of sinking in is also dynamic and dependent on the 

rate of loading and unloading. Fig. 4-1 shows a simplistic view of flat indentation on a 

substrate.  

 

Figure 4-1: Indentation of a substrate by a flat indenter. 

Following the argument of Xu et. al, the similarity in the stress singularity in a 

circumferential crack on a cylindrical sample under mode I loading and the rim of 

contact between a cylindrical indenter and the substrate, can be utilized to obtain a 

maximum stress intensity and a stress intensity range during indentation fatigue as: 
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max  ;                                                                                                          Eq 4-2 

aa

P
K

2


                                                                                                            Eq 4-3 

Where, ‘a’ is the radius of the cylindrical indenter and Pmax and ΔP are the 

maximum load and the load range respectively. Using this, Xu et. al went on to 

formulate a steady state depth propagation law for instrumented indentation. They 

proposed that depth propagation can be described quantitatively as: 

ii mn

i KKC
dN

dh
 max                                                                                                 Eq 4-4 

Where Ci, mi, and ni are constants of indentation fatigue, which depend on 

material/microstructure and testing environment. The law is then validated using 

simulations and experimental evidence.  

In this study we attempt to access the variation in the parameters Ci, mi, and ni 

with the degree of plastic anisotropy. Fig. 4-2 shows a comparison for indentation depth 

with number of cycles, between the isotropic and transversely isotropic ductile copper 

alloy. As can be observed there is a considerable disparity brought about by the plastic 

anisotropy in the material and needs to be accounted for when dealing with metals 

which exhibit transverse isotropy.  
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Figure 4-2: A comparison of the variation of indentation depth with number of cycles for indentation on a 
transversely isotropic material and the corresponding isotropic material with the same average properties. 

4.3 Cyclic indentation of transversely isotropic materials 

Consider a polycrystalline copper alloy with equiaxed microstructure. The 

microstructure causes the alloy to exhibit isotropy. However, when the same alloy is 

subject to plastic deformation processes such as rolling, the material undergoes 

changes in its microstructure and often exhibits transverse isotropy in its plastic domain. 

Transverse isotropy exists when a material has one set of properties along one plane 

and a different set of properties perpendicular to this plane. Transverse isotropy in the 

plastic domain implies the metal has different yield strengths parallel and perpendicular 

to the plane of isotropy. Lamellar microstructure in metals causes them to have different 

yield strengths parallel and perpendicular to the grain orientation and hence transverse 

isotropy. Within the context of indentation, transversely isotropic materials have been 

shown to exhibit responses varying significantly from their isotropic counterparts with 

the same average material properties. Also, indentation can be performed either parallel 

or perpendicular to the plane of isotropy obtaining distinct responses. Our study focuses 
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on indentation parallel to the plane of isotropy. The transverse anisotropy is quantified 

here as the ratio of the longitudinal to transverse yield strength σL/σT and is varied from 

1 to 2 as most metals after deformation exhibit transverse isotropy within this range. 

Instrumented indentation is modeled using the commercially available software 

Abaqus. A 3D model is constructed with 80000 hexagonal elements for the material and 

the indenter modeled as a rigid flat cylindrical punch of 3mm radius.  

Simulations were carried for multiple materials varying the maximum load, load 

range and the degree of anisotropy. For the purpose of illustration we discuss the 

results obtained for a ductile copper alloy with Young’s modulus of 119.9 GPa, 

Poisson’s ratio of 0.35, average initial yield stress of 73.50 MPa and linear hardening 

rate of 0.369 GPa. The plastic anisotropy was varied as 1<σL/σT<2.  

4.4 Results and discussion 

Fig.4-3 (a, b) show a comparison of the variation of the indentation depth rate with 

Kmax and ΔK respectively, for isotropic and transversely isotropic copper alloy. For the 

isotropic case the results obtained are very close to that reported by Xu et. al for the 

same material properties. This validates the simulation and modeling undertaken. 

Further we can observe a clear difference in the values of the parameters n i and mi, 

(slope of the lines in Fig. 4-3a and 4-3b respectively) for the isotropic and transversely 

isotropic cases.  Table 4.1 tabulates the values of these parameters. Results similar to 

those shown were observed for all the materials tested. Thus it can be observed that 

with increasing transverse anisotropy the parameters also show an increase in value. 

This implies that the material shows greater sinking in rates per cycle as the anisotropy 
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increases for indentation parallel to the plane of isotropy. Here, it is postulated that an 

additional parameter could be added to account for the anisotropy of the material. 

However, the amount of data obtained and the possible influence of other parameters 

such as the rate of loading and unloading prevent any concrete conclusions on whether 

it is possible to obtain a single parameter to account for the degree of a materials 

isotropy. 

 

(a)                                                                                   (b) 

Figure 4-3: Variation of indentation depth rate per cycle for isotropic and transversely isotropic materials 

with (a) varying ΔK and (b) Kmax values for ductile copper. 

Table 4.1: The table shows the variation of the indentation fatigue law parameters ni and mi with varying 
anisotropy. 

 

 

 

Material ni mi 

Isotropic 4.3 5.6 

Transverse Isotropy = 1.5 4.8 6.2 

Transverse Isotropy = 2 5.2 6.6 
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4.5 Conclusion and future work 

The present study is a first step towards understanding the fatigue behavior of 

anisotropic materials under indentation loading. We build on prior work done on the flat 

indentation of isotropic materials under cyclic loading. The study makes observations on 

the change in material behavior under fatigue with its anisotropy. This work only serves 

as a start and hopes for much further study to be undertaken in the field. In the future a 

thorough and comprehensive study of the influence of anisotropy on indentation fatigue 

can be undertaken. Also, indentation response while indenting perpendicular to the 

plane of isotropy may be studied as well. It is hoped that studies will help unearth the 

mechanism behind the influence of microstructure as well as material properties on the 

depth propagation rate in an indentation fatigue experiment.   
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5 Investigation of equibiaxial residual stress using 

indentation analysis 

 

 

5.1 Introduction 

Investigation of Residual stress is a topic of considerable interest in engineering 

applications. The residual stress existing in a component considerably influences its 

properties such as fatigue, fracture, corrosion resistance. Residual stresses in 

components occur in a wide variety of situations, a few examples are: (i) welded or 

brazed components, (ii) surface coatings, thick and thin films deposited on substrates, 

(iii) components with reinforcements (iv) components subjected to deformation during 

forming. A wide variety of techniques have evolved over the years to determine the 

amount of residual stress existing in a component [74, 75]. For eg. XRD, 

strain/curvature measurements, hole drilling, layer removal, optical fluorescence, 

chemical etching, etc. However, the use of these techniques is limited in certain 

situations owing to the problems associated with accuracy of measurement, spatial 

resolution, ease of measurement, applicability to a broad range of materials and 

geometries, feasibility for use as a quality control device in mass production or during 

service, and flexibility for scaling up from small to large components. 

Indentation as a means to measure residual stress in a material was suggested by 

Suresh et. al [76] owing to its distinct advantages of being simple, versatile, virtually non 
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destructive, applicable to local as well as volume averaged stress determination, 

especially useful in determining stresses in thin films and surface coatings. It also offers 

the possibility of determination of residual stresses without prior knowledge of the 

material’s properties. Subsequently, multiple studies have been carried out using 

indentation analysis to predict the residual stresses in materials [53, 77-86]. Also, 

instrumented indentation has emerged as a very popular tool for the determination of 

material properties from indentation curve parameters. Combining these two it was then 

speculated that material properties as well as the degree of residual stress could be 

predicted from known indentation response parameters. J. Yan et. al [87] devised an 

algorithm to predict two unknown material parameters from known indentation response 

and two known material parameters for isotropic materials with strain hardening. Chen 

et. al [88] used sharp indentation to develop a method to predict the properties and 

residual stress of elastic perfectly plastic materials from known indentation response 

parameters. However, their method involves normalized indentation work which might 

not always be an independent parameter obtained from an indentation experiment.  

Prior studies on the determination of residual stress using indentation have 

focused residual stresses in isotropic specimen. However, a wide range of materials 

which are especially convenient to test using indentation techniques are transversely 

isotropic in nature. Many bulk as well as thin film materials are almost invariably 

transversely isotropic in nature especially in the plastic regime. To the best of our 

knowledge there has been little research on the indentation response behavior of 

anisotropic materials with residual stress.   
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The present study initially follows a procedure similar to that used by Chen et. al 

but uses the ratio of plastic work done to total work done by the indenter as the third 

independent indentation parameter to obtain algorithms to predict residual stress as well 

as material properties for elastic perfectly plastic isotropic materials. The study then 

moves on from there using a similar argument to develop algorithms to predict residual 

stress and transversely isotropic material parameters from indentation response, given 

prior knowledge of the materials elastic behavior. 

The objectives of the present study are:  

(i) To develop robust forward-reverse algorithms to accurately and uniquely 

predict the residual stress and material properties from known indentation 

response parameters for isotropic elasto-plastic materials. 

(ii) To develop robust forward-reverse algorithms to accurately and uniquely 

predict the residual stress and material properties from known indentation 

response parameters and elastic parameters for elasto-plastic materials that 

exhibit transverse isotropy in the plastic regime. 

(iii) To assess the sensitivity of the obtained algorithms in both cases. 

The analysis on isotropic materials shall be henceforth referred to as case I, and that on 

transversely isotropic materials as case II. 

The document is organized as follows. Theoretical background information on 

transverse isotropy in the plastic regime, equi-biaxial state of stress and the 

fundamentals of indentation are presented in section 5.2. A framework based on 

dimensional analysis and computational modeling is formulated in section 5.3. The 

results of the indentation simulations, the forward-reverse indentation algorithms, and 
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the sensitivity issues associated with the forward and reverse analyses are discussed in 

section 5.4. Principal conclusions are highlighted in section 5.5.  

5.2 Transverse isotropy, equibiaxial residual stress and indentation 

5.2.1 Transverse isotropy in the plastic regime 

As discussed in chapter two, plastic transverse isotropy can be defined with the 

help of Hills criterion for yielding. Using the same approximations and definitions as 

described in chapter two, and restricting the present analysis to materials with no strain 

hardening, plastic transverse isotropy can be defined using two parameters, σy the 

average yield stress and σL/σT the ratio of longitudinal to transverse yield stress.  

5.2.2 Equibiaxial residual stress 

Within the context of this study, for both case I and case II, materials are 

considered to be elastic perfectly plastic with an equibiaxial residual stress σrx= σry and 

σrz=0. The residual stress is assumed to have been brought about by subjecting the 

material to mechanical and/or thermal loading which include: (i) non-uniform cooling 

down; (ii) deposition of a surface coating or a thin film on a substrate (iii) shot peening; 

(iv) laser shock peening; (v) bending or normal loading; (vi) mechanical working. 

It is assumed that these processes give rise to equibiaxial stresses in the 

material. Since the material is assumed to have no strain hardening the yield stress σy 

(average yield stress in the case of materials with plastic transverse isotropy) does not 

change whether the material has undergone plastic deformation or not. Also, the Von 

Mises effective stress σe due to the equibiaxial stress can be written as: 
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 e                                                   Eq 5-1 

It can be seen that this gives σe= σrx= σry. 

Also, the residual strain can be expressed as: 

 


  1
E

e
ryrx  

Thus for an elastic-perfectly plastic isotropic material with equibiaxial residual 

stress there are three independent parameters under consideration namely, E, σy and σr 

where, σr is the residual stress in the material. Also, for materials with transverse 

isotropy an additional independent parameter σL/σT is required to define the degree of 

anisotropy in the plastic regime. As mentioned previously, the objective of this study is 

to devise a method to predict these independent parameters using instrumented 

indentation. To be able to predict these parameters uniquely it is necessary to obtain 

mutually exclusive relations between material properties and indentation response from 

an indentation experiment.  

5.2.3 Indentation theory  

As explained in previous chapters, the loading response for a power law 

hardening material is governed by Kicks Law:  

mChP                                                                                                                      Eq 5-2 

Where, C is the loading curvature and is constant for a given material and indenter. 

Values of m, the exponent depends on the indenter. This law is applicable to materials 
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with no strain hardening as well since they are a subset of materials which obey power 

law hardening. The maximum indentation depth hm occurs at the maximum load of Pm. 

The initial unloading slope at maximum depth is defined as, 

mh

u
m

dh

dP
S 








                                      Eq 5-3 

where Pu is the unloading force and hm the maximum depth. The area under the loading 

curve is the total work done (WT) and the area under the unloading curve represents the 

recovered elastic work done by the system (WE). The plastic work done is given as 

ETP WWW   and the plastic to total work ratio (Rw) is given as: 
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Here, it is postulated that the three parameters C, Sm, and Rw are mutually 

exclusive for elastic-perfectly plastic materials. In the past Chen et. al have used the 

total work done by the indenter as the third independent indentation response 

parameter. It can be seen for materials whose indentation loading obeys Kick’s law, the 
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total work done by the indenter is a function of the loading parameter and hence cannot 

be assumed to be an independent parameter obtained from an indentation experiment. 

Hence, the third independent parameter is taken as the ratio of the plastic to total work 

done by the indenter.  

For the case of materials with plastic transverse isotropy (case II), longitudinal 

indentation is carried as it is assumed that the transverse plane harbors the equibiaxial 

residual stress. Also, since four material parameters are required to define the 

transversely isotropic material with residual stress and indentation only yields three 

independent parameters, the analysis assumes prior knowledge of the Young’s 

modulus of the material.  

5.3 Framework for the indentation analysis 

5.3.1 Dimensional analysis 

In the case of isotropic materials and longitudinal indentation of transversely 

isotropic materials, owing to the existing symmetry, indentation can be performed using 

an axisymmetric model. However, the present study is performed with the motive of 

extending the work to anisotropic materials as well as to materials without residual 

stress symmetry and hence uses a 3-D model to simulate indentation. 

The first goal of this work is to establish robust relationships between indentation 

response parameters and materials properties including the residual stress in the 

material for both case I and II. From this point onwards the two cases of isotropic and 

transversely isotropic materials are considered sequentially within each section to avoid 

confusion.  
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5.3.1.1 Case I 

Dimensional analysis is used to obtain functional forms for relations between 

isotropic material properties and indentation response. Once general forms of these 

equations are obtained, to determine their exact form, a study with 110 computational 

models with material properties varying over a wide range is conducted. The values of 

Young’s modulus E ranges from 50 to 200 GPa, yield strength σy from 100 to 2000 

MPa, and the residual stress to yield strength ratio σr/σy varying from -0.9 to 0.9. The 

range of materials and residual stress considered is depicted in Fig. 5-1. The exact form 

of the relations is then established by curve fitting the simulation data to the functions 

forms. 

 

Figure 5-1: A schematic illustrating the material property database considered and the range of residual 
stress considered for the formulation of the forward and reverse algorithms in case I. 
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As described below, dimensional analysis is invoked to develop closed form 

universal functions to capture the indentation behavior of isotropic elastic-plastic 

materials with residual stress.  

For a sharp indenter with a half cone angle of θ, the load required to indent an 

elastic-perfectly plastic material with residual stress can be written as: 

  ,,,, ryEhPP                                  Eq 5-5 

Where, h is the depth of indentation. 

Using dimensional analysis Eq. (5-5) becomes 
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For a cone half angle of 70.3 degrees the function for load P becomes 
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Similarly the unloading slope at maximum depth and the plastic to total work ratio can 

be written as dimensionless equations: 
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,3                                                 Eq 5-9 

The actual forms of these dimensionless functions and their construction are discussed 

in section 5.3.2. 

5.3.1.2 Case II 

Dimensional analysis is carried out in a manner very similar to that of case I, for 

the case of materials with plastic transverse isotropy, to obtain functional forms of 

relations between material properties and indentation response. Once general forms of 

these equations are obtained, to determine their exact form, a study with 85 

computational models with material properties and degree of anisotropy varying over a 

wide range is conducted. The values of yield strength, σy ranges from 100 to 2000 MPa, 

the anisotropy in the plastic regime, σL/σT ranges from 1 to 2 and the residual stress to 

yield strength ratio σr/σy varying from -0.9 to 0.9. The Young’s modulus is assumed to 

be known and hence is kept constant here. The range of materials and residual stress 

considered is depicted in Fig. 5-2. The exact form of the relations is then established by 

curve fitting the simulation data to the functions forms. 
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Figure 5-2: A schematic illustrating the material property database considered and the range of residual 
stress considered for the formulation of the forward and reverse algorithms for case II. 

Following the dimensional analysis for case I, dimensionless equations obtained 

for case II can be listed as follows: 
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,,3                                              Eq 5-12 

As stated earlier, this analysis begins with the assumption of known values of Young’s 

modulus hence the equations 5-10 and 5-11 can be changed as  
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,,2                            Eq 5-14 

Thus for known E the indentation response parameters can be expressed as a function 

of the three remaining unknown material parameters namely, yield stress, residual 

stress and degree of anisotropy. Equations 5-12, 5-13, and 5-14 can now be used as 

three independent equations to determine the plastic properties and residual stress in 

materials. 

5.3.2 Computational modeling 

The computational modeling, for both case I and II, of the experiment involves two 

main stages. 

(i) Subjecting the material to an equibiaxial stress σr and holding the material at 

that stress to simulate a state of residual stress. 

(ii) Performing indentation on the material using a sharp indenter and obtaining 

the indentation parameters. 

A 3-D model similar to that described in the first two chapters is used for the 

computations. The general purpose finite element package of ABAQUS is used to 

conduct all the simulations. Computational analysis is performed for all materials (110 in 

case I and 85 in case II) to obtain the complete loading and unloading indentation 

response for all the materials with varying residual stress. Careful analysis is conducted 
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to determine the exact forms of the dimensionless functions that best describe the 

relationships between the material properties and the corresponding indentation 

response parameters. Excellent curve fits are obtained for the variation of the 

indentation parameters as a function of the materials properties and residual stress for 

the assumed functional forms. The detailed form of the expressions, for case I, is given 

as follows:  
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where, x and y represent the properties E/σy and σr/σy respectively. 

The detailed form of the equations obtained for case II is provided in Appendix C.  

5.4 Results and discussion 

5.4.1 Analysis of the functions 

The analysis here involves an investigation on the accuracy of the functions in 

predicting the indentation parameters. Once again, the analysis is split into the two 

cases considered.  
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5.4.1.1 Case I 

The dimensionless functions presented are validated by testing them on the 110 

initial materials chosen to create the database as well as 12 different materials with 

properties scattered within the database. The values for the indentation response 

parameters obtained through the forward analysis are then compared with the true 

values observed from the simulation experiments conducted. An excellent match 

between the two is observed thus proving the validity of the equations. The error 

between the two is shown for each parameter in Table 5.1.  

Table 5.1: Average and standard deviation of the error percentage in the indentation response 
parameters predicted by the forward analysis for case I. 

Parameter Average % Error Std Dev 

C 0.36 0.54 

Sm 0.35 0.41 

Rw 0.03 0.02 

 

The influence of residual stress on the indentation response parameters is then 

studied in detail. Fig. 5-3a shows the variation of loading parameter normalized with 

respect to the yield stress with varying residual stress. Similarly, Fig. 5-3(b, c) show the 

variation of the other two indentation parameters with residual stress. The following 

conclusions may be drawn from the trends shown in the figures: 

 The normalized loading parameter C/σy increases with increasing compressive 

residual stress and decreases with increasing tensile residual stress. 
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 Normalized slope at maximum depth Sm/hm*σy displays lower sensitivity to 

changes in residual stress. It however displays a slight decrease in value as 

stress goes from compressive to tensile.  

 Rw for higher E/σy is almost constant in the compressive residual stress region 

and increases with increasing tensile residual stress. 

 

(a)                                                                            (b) 

 

(c) 

Figure 5-3: The variation of loading parameters normalized with respect to the yield stress with varying 
residual stress. (a) Loading curve parameter C normalized (b) Slope of unloading curve at maximum 
depth normalized, (c) Plastic to total work ratio. 

5.4.1.2 Case II 

The functions obtained for case II are validated in a manner similar to that in case I, 85 

materials chosen are subjected to dimensionless functions. Once again, an excellent 
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match between the predicted and actual values for the indentation response is 

observed. (Table 5.2) 

Table 5.2: Average and standard deviation of the error percentage in the indentation response 
parameters predicted by the forward analysis for case II. 

Parameter Average % Error Std Dev  

C 0.34 0.39 

Sm 0.42 0.38 

Rw 0.06 0.05 

 

The influence of degree of anisotropy for different residual stress values on the 

indentation response is then studied systematically. Fig. 5-4 shows the variation of the 

indentation response normalized to elastic modulus with varying degree of anisotropy 

for materials with no residual stress, tensile residual stress and compress residual 

stress.  

 

(a)                                                        (b) 
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(c) 

Figure 5-4: The variation of indentation parameters normalized with respect to the elastic modulus with 
varying anisotropy. (a) Loading curve parameter C normalized (b) Slope of unloading curve at maximum 
depth normalized, (c) Plastic to total work ratio. 

The trends shown in the above figures lead to interesting observations: 

 The normalized loading parameter C/E increases with increasing anisotropy and 

also the rate of increase of the parameter can be observed to be independent of 

residual stress. 

 The variation of normalized slope at maximum depth Sm/hm*σy with anisotropy 

displays varying trends with varying residual stress; it decreases for materials 

with tensile residual stress and increases for materials with compressive residual 

stress. The slope at maximum depth decreases with increasing anisotropy for 

materials with no residual stress.  

 Rw decreases with increasing anisotropy and the rate of decline is independent of 

residual stress. 

  

5.4.2 Reverse analysis 

 Once the accuracy of the forward analysis (predicting indentation response from 

known material parameters) is established, the reverse analysis, for case I and II, 
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predicting material properties and residual stress from known indentation response 

parameters is attempted.  

A simple error minimization algorithm very similar to that used in chapter 2 is 

devised to estimate the residual stress and material parameters from known indentation 

response. The algorithm followed for both cases is almost identical hence only that for 

materials with transverse isotropy is elucidated here. Using the forward analysis 

equations an extensive database of indentation response of 3660 materials within the 

data range is constructed. A step wise procedure of the reverse analysis is enumerated 

here. Also, a schematic form of the algorithm is shown in Fig. 5-5. 

 The entire forward analysis database of 3660 materials is put in a tensor DBij, 

where, i defines the material position in the database and goes from 1 to 3660 

and j defines the P-h response and is 1, 2 or 3 for C, Sm or Rw respectively. 

 The P-h response (C, Sm, Rw) measured from an indentation experiment is 

assigned to a matrix Qij where, i and j hold the same definitions as above. 

 Qij is compared with DBij for each of the 3660 materials. Two material property 

sets, which are closest to Qij are determined. These two sets are assigned to 

matrices M1ij and M2ij respectively. 

 These two sets are used as seed material properties and a procedure similar to 

that used by H. Lan and T. A. Venkatesh [4] is then followed to reach at the final 

result of the reverse analysis. 
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 For the chosen seed properties the corresponding indentation response 

parameters (C, Sm, Rw) are obtained from the functional forms presented by the 

forward algorithms. 

 The experimentally measured set of indentation parameters Qij (from step 2) are 

compared to the indentation parameters computed in step 5. An error function 

that computes the root mean square of errors of all the indentation response 

parameters is determined. 

 If the error function produces an error below a certain lower critical threshold, 

(chosen as 99.8% accuracy in indentation response parameters) the set Mij is 

accepted as a feasible solution to the reverse analysis. 

 If not, the error function is minimized by systematically considering a number of 

combinations of material properties around Mij to obtain the best solution set for 

the material’s elastic and plastic properties.  

 If the iterative process leads to a physically non-feasible solution (σL/σT<1), the 

process is restarted after assigning the seed properties as the closest feasible 

solution till a feasible solution is obtained. 

 A condition of minimum accuracy in the indentation response parameters is set 

at 99.8%. The solution set which has lower error among M1ij and M2ij’s variations 

is reported as the final solution. 
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Figure 5-5: Schematic illustrating the algorithm followed by the reverse analysis for material property 
identification. 

To initially validate the reverse analysis and also to test the code for possible bugs, a 

reversibility test is carried out using the 3660 materials database. Initial known material 

properties are subject to forward analysis to obtain indentation response parameters 

and these response parameters are then subject to the reverse analysis to obtain 

material properties. All 3660 cases considered converged back to the original material 

properties proving the validity of the analysis algorithm. 

Once the algorithm is validated for both cases, the accuracy of the analysis for each 

case is undertaken. 

5.4.2.1 Case I 

Reverse analysis is performed on the 110 materials whose P-h response is 

determined through finite element computation. The results obtained are shown in the 

form of graphs (Fig. 5-6). A comparison between actual material properties and residual 

stress and those predicted by the reverse analysis is displayed. It can be observed that 
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the reverse analysis predicted properties accurately converge with the actual properties 

for all three material properties E, E/σy, σr/σy. Also, it is observed that the algorithm 

predicts tensile residual with almost unerring accuracy and shows a small error in the 

calibration of compressive residual stress. This is attributed to a better curve fit relation 

obtained for the behavior of tensile residual stress materials under indentation.  

 

(a) 

 

(b) 

Figure 5-6: A comparison between actual material properties and residual stress, and that obtained 
through analysis from known indentation curve properties, for case I, for (a) residual stress σr/σy and E/σy 
(b) residual stress σr/σy and E. 
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Figure 5-7: A comparison between actual material properties and residual stress, and that obtained 
through analysis from known indentation curve properties, for 12 additional randomly chosen materials, 
for residual stress σr/σy and E/σy. 

To further verify the results obtained by the reverse analysis, another twelve 

separate and arbitrary materials with varied residual stress are chosen lying within the 

database domain. The indentation response of these materials is obtained using finite 

element simulations. These response parameters are then subject to the reverse 

analysis and the results compared with the actual material properties and residual 

stress. The reverse analysis results for these are shown in the plots (Fig. 5-7). Once 

again a very good match is obtained. Table 5.3 shows the average error and standard 

deviation in predicting each material property for case I. 

Table 5.3: Average and standard deviation of the error percentage in the material properties and residual 
stress predicted by the reverse analysis for case I. 

Parameter Average % Error Std Dev 

E/σy 0.1 0.1 

σy 0.1 0.1 

σr/σy 3 0.5 
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5.4.2.2 Case II 

The accuracy of the reverse analysis in predicting the transversely isotropic 

properties as well as the materials residual stress is thoroughly investigated. The 

indentation response of materials with varying degree of anisotropy and residual stress 

is fed into the reverse analysis algorithm and the predicted properties are compared 

with the actual properties of the material and the actual existing residual stress. Fig. 5-8 

shows a sample of the results obtained. It can be seen that the actual properties and 

predicted properties match well.  

 

Figure 5-8: A comparison between actual anisotropy and residual stress, and that obtained through 
reverse analysis from known indentation curve properties for case II. 

Table 5.4 shows the average error and standard deviation in the prediction of material 

parameters for case II.  
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Table 5.4: Average and standard deviation of the error percentage in the material properties and residual 
stress predicted by the reverse analysis for case II. 

Parameter Average % Error Std Dev 

E/σy 1 0.8 

σL/σT 3.6 2.1 

σr/σy 2.9 2.5 

5.4.3 Sensitivity analysis 

5.4.3.1 Sensitivity of the forward analysis 

A sensitivity analysis similar to that used for the indentation studies of isotropic 

materials with no residual stress is invoked in the present study for both cases. It is 

observed that a ±5% change in any one of the material properties or residual stress 

leads to a variation of no more than ±7.5% in the indentation response parameters for 

both cases. This ensures low sensitivity of the equations to slight changes in input 

parameters.  

5.4.3.2 Sensitivity of the reverse analysis 

An analysis is carried out to verify the sensitivity of the reverse algorithms used in 

both cases, to changes in the indentation parameters, provided as input from 

experiments. Each indentation parameter (C, Sm, Rw), is varied through ±2% (about its 

true value) and the corresponding variation in the residual stress and material properties 

predicted by the reverse analyses is observed. Fig. 5-9 depicts the results of the 

reverse analysis compared with the actual material properties for the isotropic case. 

Due to the nature of the reverse algorithm and its tendency to attempt to converge to 

results below a critical error function threshold, the sensitivity of the results to 

experimental errors in indentation parameter measurement is very low. Table 5.5 and 
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5.6 present a quantitative comparison of the material properties predicted by the 

reverse analysis using the true indentation parameters and those predicted with a 

variation in the values of C, Sm and Rw about their true values, for both the isotropic 

materials and transversely isotropic materials considered. Similarly, sensitivity studies 

are conducted on -2% variations in the values of C, Sm and Rw about their true values 

as well.  

Table 5.5: Average and standard deviation of the error percentage in the material properties and residual 
stress predicted by the reverse analysis with variation in the input indentation response parameters for 
case I. 

 

Table 5.6: Average and standard deviation of the error percentage in the material properties and residual 
stress predicted by the reverse analysis with variation in the input indentation response parameters for 
case II. 

 

Variation % σy Std Dev % E/σy Std Dev %  σr/σy Std Dev 

2% in C 0.5 1.33 0.6 3.1 3.57 3.87 

-2% in C 0.94 0.42 0.814 1.11 2.15 2.29 

2% in S 2.71 0.66 4.1 2.4 6.1 1.82 

-2% in S 3.77 1.83 1.72 2.13 6.81 4.17 

2% in W 0.22 0.16 0.24 0.82 0.62 2.29 

-2% in W 0.45 0.93 1.4 0.99 4.01 1.93 

Variation % E/σy  Std Dev % σL/σT Std Dev %  σr/σy Std Dev 

2% in C 2.5 1.53 2.46 2.03 5.57 2.82 

-2% in C 2.34 0.72 2.8 1.87 4.15 2.78 

2% in S 3.63 0.96 4.62 1.5 7.1 2.95 

-2% in S 3.47 1.23 1.95 2.03 5.94 4.51 

2% in W 0.32 0.23 0.64 0.62 0.92 1.24 

-2% in W 0.54 0.43 1.8 0.69 3.52 0.98 
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In general, the variation in material properties obtained by the reverse analysis to 

±2% in the values of C, Sm and Rw about their true values is low. For example, the 

maximum errors in the estimation of the plastic, elastic and residual stress properties – 

σy, E/σy and σr/σy are, about 5% and 7% and 15% respectively. The residual stress 

determination exhibits higher sensitivity to variations in the indentation parameters. All 

material properties exhibit high sensitivity to variations in Sm while they exhibit relatively 

low sensitivity to variations in Rw.  

 

(a)                                                 (b) 

 

(c)                                                 (d) 
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(e)                                                (f) 

Figure 5-9: Sensitivity analysis for the reverse analysis, the figure shows the variation of reverse analysis 
results for a two percent variation in the indentation response parameters for case I. (a), (b) 2 percent 
variation in C, (c), (d) 2 percent variation in Sm (e), (f) 2 percent variation in Rw. 

5.5 Conclusions and future work 

The study utilizes indentation response parameters to successfully predict material 

properties and existent biaxial residual. Two distinct cases are considered here (i) 

Isotropic elastic perfectly plastic materials (ii) elastic perfectly plastic materials with 

transverse isotropy in the plastic regime. For the analysis of transversely isotropic 

materials it is assumed that the elastic modulus of the material is known from prior 

studies on the material. For both the cases considered dimensional analysis is 

performed to determine the functional forms of relations between material properties 

and indentation response. Curve fitting over a large database of materials is performed 

to obtain the exact form of the relations. A simple error function minimization algorithm 

is developed to then predict material properties from indentation response parameters. 

The solutions obtained are checked for their accuracy, uniqueness and sensitivity.  
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6 Concluding remarks  

 

 

The key contributions of this thesis, as a result of computational and analytical 

approaches are the following. 

1. Comprehensive parametric studies for indentation of transversely isotropic 

materials for transverse and longitudinal indentation is undertaken to develop 

robust forward and reverse algorithms. The forward algorithm predicts the 

indentation response from known transversely isotropic material properties. The 

reverse algorithm extracts transversely isotropic material properties from three 

sharp indentation response experiments with cone half angles of 50, 60 and 70.3 

degrees. The obtained forward-reverse algorithms are extensively tested for 

accuracy and uniqueness. The sensitivity of the algorithms to experimental errors 

in the measurement of indentation response is studied in detail.  

2. A comprehensive study is performed on the true projected area of contact during 

indentation of a transversely isotropic material with a sharp indenter of cone half 

angle 70.3 degrees. Algorithms are developed to successfully predict the true 

projected contact area from known material properties for both transverse and 

longitudinal indentation. Utilizing previously devised forward-reverse algorithms, 

prediction of indentation hardness, from known indentation loading and unloading 

data is achieved without any need for prior knowledge of the material’s 

properties, or of measurement of the contact area. A detailed study is undertaken 
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to study the variation of hardness with empirical constituent properties of 

transversely isotropic materials.  

3. Indentation fatigue behavior of transversely isotropic materials is studied. Cyclic 

indentation is carried out on transversely isotropic materials as well as their 

isotropic counterparts. Observations are made on the change in material 

behavior under fatigue with its anisotropy. Variations in the parameters of a 

fatigue law proposed in literature are studied. 

4. Using computational analysis, functions correlating indentation response from a 

single berkovich indenter to the equibiaxial residual stress and material 

properties of elastic perfectly plastic materials, with isotropic or plastic 

transversely isotropic properties, are developed. Algorithms are devised to 

predict the materials properties and existing residual stress from a single sharp 

indentation experiment and vice versa. The algorithm is then checked for its 

accuracy, uniqueness of results and sensitivity of the predicted residual stress 

and material properties to error in experimental measurement of indentation 

response. 
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7 Suggestions for future work 

 

 

As technology advances and novel materials as well as novel devices spawn, it has 

become ever challenging to characterize the properties of materials. Depth sensing 

instrumented indentation as an experimental tool to study mechanical properties of 

small volume materials provides a simple and elegant solution to many problems. This 

thesis has laid the foundation for the investigation of transversely isotropic materials 

using indentation. A few directions in which the study can be moved forward from here 

are suggested here. 

 The forward-reverse algorithms devised here for transverse and longitudinal 

indentation can be combined to devise an algorithm which ensures very low 

sensitivity and high accuracy of the reverse analysis. 

 An in-depth analysis on the indentation fatigue response of transversely isotropic 

materials and a fatigue law similar to that proposed for isotropic materials can be 

attempted. 

 Prediction of residual stress for materials with hardening behavior and extension 

of this to materials with anisotropy in elastic as well as plastic regimes can be 

envisioned. 

 Using dynamic modeling of the indentation experiment high strain rate behavior 

of materials can be studied. 
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This thesis has presented a comprehensive analysis of sharp indentation response 

of elasto-plastic transversely isotropic materials. Both static and dynamic indentation 

analyses have been explored. The mechanical properties, hardness, residual stress and 

fatigue response of transversely isotropic materials are systematically studied and 

valuable advancements into development of indentation as a characterization tool are 

achieved. The directions in which this work can be furthered, as mentioned above are 

described sequentially here. 

This second and third chapter of this thesis is dedicated to the study of transversely 

isotropic materials and provides characterization techniques using indentation in the 

transverse or the longitudinal direction. It has been shown here that the two indentation 

orientations yield distinct P-h responses. The two indentation responses can be used 

together thereby validating each other and also providing greater confidence in the 

obtained results. Also, the analysis can be furthered to materials with higher degree of 

anisotropy such as orthotropic materials by utilizing the response parameters obtained 

from multiple indenter orientations as parameters for the reverse analysis.  

The fourth chapter explores the field of indentation fatigue response of transversely 

isotropic materials. The work needs to be extended to a thorough study of the fatigue 

behavior of transversely isotropic materials and to the determination of the mechanics 

behind the fatigue response under dynamic loading. It is shown in this work that 

anisotropy has a significant influence in the fatigue response thus warranting the need 

for a law relating anisotropy to the materials response to cyclic indentation.  
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Residual stress in materials influences the materials properties and performance 

considerably. The fifth chapter of this thesis provides a technique for predicting plastic 

properties and residual stress of transversely isotropic materials from indentation 

response parameters. The technique assumes prior knowledge of the elastic modulus 

of the material and also utilizes a single indentation experiment. This work can be 

furthered by the utilization of multiple indentations with different cone angles and 

indentation orientations to be able to predict the residual stress as well as materials 

properties for anisotropic materials. A thorough analysis leading to a deep 

understanding of the dynamics behind the variation in indentation response of 

anisotropic materials with residual stress can be made. Also, the present work only 

deals with equibiaxial residual stresses. The analysis can be extended to more 

complicated distribution of residual stresses as well. 

As a final suggestion into future work using dynamic indentation as used for fatigue 

studies, a highly promising area for indentation analysis lies in the study of high strain 

rate behavior of materials including metallic materials, metallic glasses, composites thin 

films and ceramics.  

In the area of high strain rate studies, while methods such as Hopkinsons’s split bar 

are well developed, the indentation method offers unmatched versatility, simplicity and 

elegance. For attaining high strain rates the indenter needs to be moved into the sample 

or the sample moved onto the indenter at high velocities. The necessary tools for 

thrusting the indenter or the sample and also to measure the associated force-

displacements and other parameters are yet to be fully developed. To begin with, along 

the lines of this thesis, computational analysis and development of suitable algorithms 
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can be attempted to elucidate the high strain rate response of materials. Dynamic 

analysis packages such as LS-Dyna can be utilized to execute the computational 

analysis. A comprehensive analysis using dimensional analysis and optimization 

algorithms as utilized by the present thesis can be formulated.  

Thus to conclude, the present work successfully utilizes indentation response to 

predict the material parameters, hardness, residual stress and fatigue characteristics of 

transversely isotropic materials. Indentation characterization and our ever increasing 

ability of computational analysis and simulation can, in the future be used to further 

delve into materials and their properties under static, dynamic or impact loading. 
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Appendix A: Equations for forward-reverse analysis 

Three sets of dimensionless functions ( 1,  2,  3) for the three indenter angles (50, 60 

and 70 .3) are listed in detail here. Each function as described earlier is divided into 6 

parts. Thus there exist a total of 54 equations (6 parts for each dimensionless function, 

3 dimensionless functions for each indenter and 3 indenters), for each indentation 

direction. However all six parts of each dimensionless function have the same form and 

only differ from each other in their parameters. The equations are listed as  jkl. Here j 

goes from 1 to 3 and signifies the indenter type, 1 for 50 , 2 for 60  and 3 for 70.3 ,  k goes 

from 1 to 3 and conveys the type of dimensionless function, 1 for C, 2 for Sm, 3 for Rw, 

finally l represents the part number and goes from 1 to 6. 

x, y, z represent E0, EL/ET, σL/σT respectively. Here, the equations for longitudinal 

indentation have been displayed. 
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Appendix B: Hardness equations 

The equations are listed as  jkl. Here, j goes from 1 to 2 and signifies the indenter 

orientation, 1 for perpendicular, and 2 for parallel to the plane of isotropy, k takes values 

4 and 5, and conveys the type of dimensionless function, 4 for Am and 5 for Hm, and 

lastly l represents the part number and goes from 1 to 6. Also x, y and z represent the 

properties E0, EL/ET and σL/σT respectively, n being the strain hardening exponent. 
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Appendix C: Residual stress equations 

 

 

 

The equations are listed as  jk. Here, j denotes the case II analysis of transversely 

isotropic materials with residual stress and k conveys the type of dimensionless 

function, 1 for C/E, 2 for Sm/hm*E, and 3 for Rw. Also x, y and z represent the properties 

E/σy, σr/σy and σL/σT respectively. 
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