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Abstract of the Dissertation

Studies of Cold Fermionic Systems near the
Feshbach Resonance

by

Lai-Wa Siu

Doctor of Philosophy

in

Physics

Stony Brook University

2008

Cold Fermi gas with a tunable interaction is experimentally real-

ized in trapped cold alkali atoms. Through evaporative cooling

these atoms can be brought well into the degenerate regime. In

addition, with magnetic field induced Feshbach resonances the un-

derlying interaction between atoms prepared in two different spin

states can be manipulated via the Zeeman effect. Cold Fermi

atoms can be made to undergo a BCS-BEC crossover, where the

ground state wavefunction evolves smoothly from the BCS-type to

the BEC-type. The different interaction regimes in the crossover

can be characterized by the dimensionless parameter 1/askF de-
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fined from the s-wave scattering as and the Fermi momentum kF .

At Feshbach resonance, where the scattering length essentially di-

verges up to ±∞, 1/askF = 0 resulting in a special scenario for

a low-density Fermi gas termed the ‘unitary limit’ by many au-

thors. At such limit cold Fermi gas should exhibit universal be-

havior in the sense that physical properties becomes independent

of the two-body interaction and determined only by kF . In par-

ticular, the total energy at zero-temperature E0 is expected to de-

pend on kF through the simple relation E0 = ξEfree
0 where Efree

0

is the corresponding quantity in a non-interacting gas. The pro-

portionality constant ξ should be an universal constant being the

same for any type of underlying particles. In this dissertation we

present several studies on cold Fermi gas at and near the unitary

limit. Our primary focus is the calculation of ξ with neutron mat-

ter. As is well-known, the 1S0 channel of neutron matter has a

fairly large scattering length (as = −18.97fm), therefore ordinary

neutron matter is already close to the unitary limit. To obtain ξ

accurately we need ‘modified’ neutron matter much closer to the

unitary limit than the ordinary one. By slightly tuning the meson-

exchange CD-Bonn potential, neutron-neutron potentials with var-

ious 1S0 scattering lengths such as as = −12070fm and +21fm

are constructed. Such potentials are renormalized with rigorous

procedures to give the corresponding as-equivalent low-momentum

potentials Vlow−k , with which the low-momentum particle-particle

hole-hole ring diagrams are summed up to all orders, giving the
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ground state energy E0 of neutron matter for various scattering

lengths. At the limit of as → ±∞, our calculated ratio of E0

to that of the non-interacting case is found remarkably close to a

constant of 0.44 over a wide range of Fermi momenta. This result

reveals an universality that is well consistent with the recent exper-

imental and Monte-Carlo computational study on low-density cold

Fermi gas at the unitary limit. Apart from ground state properties,

low-lying excitations also offer lots of insights into the rich physics

underlying the BCS-BEC crossover process. We have calculated

the quadrupole excitations of cold Fermi gas near the unitary limit

using a simple model where atoms are confined in a harmonic os-

cillator potential. By summing up exactly the ladder diagrams

between a pair of interacting atoms to all orders, we first obtained

a renormalized atomic interaction which has well defined and iden-

tical limits as the scattering length tends to ±∞. Employing both

the Tamm-Dancoff and random phase approximations we obtained

the excitation frequency and decay width. The experimentally ob-

served abrupt rise in frequency and an associated large decay width

in the radial compression mode and radial quadrupole mode are

satisfactorily reproduced by our calculation.
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Chapter 1

Introduction

1.1 Cold atoms and the Feshbach Resonance

The experimental success in trapping and manipulating cold atoms have opened

a new era to the study of cold degenerate gas. In a typical setting, 1010 neutral

alkali atoms are confined by magnetic and/or optical traps to a small region

of ∼ 50µm in space, with a central particle density ∼ (1013 − 1015)cm−3.

Through evaporative cooling the temperature can be brought down to 10−5K

so that quantum degeneracy can be reached. Note that these cold atoms are

even more dilute than air molecules at room temperature and atmospheric

pressure, which has a density of 1022cm−3. Excellent description on the ex-

perimental details including trapping and cooling procedures can be found in

Ref.[1].

With cold atoms physicists can experimentally demonstrate the so-called

macroscopic quantum phenomena. One classic example is Bose-Einstein con-

densation (BEC)[2], a situation where a macroscopic number of particles oc-
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cupy a single quantum state. Theoretically predicted back in 1924 by Einstein,

BEC was first experimentally realized with 87Rb atoms in 1995[3]. From then

on experiments on cold atoms has revealed a wide range of exciting phenom-

ena. These experimental success greatly stimulated the growth in theoretical

studies of cold quantum systems.

In principle, BEC occurs in cold bosonic gas only. Nonetheless, the con-

densation of ‘paired’ fermions may be possible under certain circumstances.

In fact, the similarity between the Bardeen-Cooper-Schrieffer(BCS) state in

fermionic systems and the Bose-Einstein condensed state in bosonic systems

have long been pointed out by theoretical physicists[4]. Of special interest is

the possibility of creating a BEC of composite molecules by simply increas-

ing the inter-particle attraction of a fermionic gas at low temperature: In

the weakly attracting regime, Cooper pairs form via a many-body effect; in

the strongly attracting regime where a two-body bound state exists, molecules

form and undergo the usual BEC; in between the ground state wavefunction of

the whole system should evolve smoothly from the BCS-type to the BEC-type.

In many-body theory it is known as the BCS-BEC crossover[4, 5]. Recently,

the experimental control on the underlying interaction among cold alkali atoms

was made possible through magnetic field induced Feshbach resonances[6–

8]. With fermionic 6Li and 40K atoms, many measurements have been done

demonstrating various signatures of such crossover, including the observation

of (i) a pairing gap[9, 10], (ii) condensation of fermionic pairs[11, 12], and (iii)

vortices and vortex arrays[13] on different interaction regimes throughout the

crossover.

The successful implementation of magnetic field induced Feshbach reso-
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nance is considered an important breakthrough in cold alkali gas experiments.

It provides a way to experimentally control the scattering length and alter the

effective interaction between cold atoms. Under an external magnetic field,

the energy levels of cold atoms are made tunable through the Zeeman effect.

Feshbach resonance is the point where the formation of a two-body bound

state is energetically possible. As such bound state emerges the scattering

length also becomes infinitely long, resulting in a scattering resonance. As

an example, the tunability of the scattering length of 6Li around a Feshbach

resonance at 834G is shown in Fig.1.1[14]. Tuning the external magnetic field

across a Feshbach resonance is equivalent to a continuous increase in the at-

traction between the atoms until a two-body bound state exists. Beyond such

point, the composite molecules which are now bosons can form a Bose-Einstein

condensate at sufficiently low temperature.

To probe the ground state properties of cold fermionic atoms around a

Feshbach resonance more quantitatively, let us start with the particle density.

From the central particle density n0 in a typical cold alkali gas experiment

one can compute the dimensionless diluteness parameter n0R
3 contrasting the

inter-particle distance with the range of the underlying van der Waals potential

R. Typically R ∼ 30a0(a0 is the Bohr radius), giving n0R
3 ∼ 10−5−10−3 ¿ 1.

Owing to such ‘diluteness’, the ground state properties of the gas cloud is

essentially characterized just by the two length scales, (i) the s-wave scattering

length as and (ii) the Fermi momentum at the trap center kF . It is helpful to

introduce a dimensionless strength parameter 1/askF for the characterization

of the ground state. For example, when 1/askF À 1 the scattering length is

small and positive signifying the existence of tightly bound molecules, the
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Figure 1.1: The tunability of the s-wave scattering length in a spin mixture
of 6Li atoms in the two lowest spin states as described by a fit formula in
Ref.[14] which approximates the scattering length in a range between 600G
and 1200G to better than 99%. The vertical line indicates the exact position
of the resonance field(834G).

system is well into the molecular BEC regime. When 1/askF ¿ −1 the

scattering length is small and negative, the system is in the usual BCS regime.

It is clear from Fig. 1.1 that at a Feshbach resonance the scattering length

can be tuned basically up to ±∞. In other words, the special scenario of

1/askF = 0, often referred to as the ‘unitary limit’, can be achieved. Cold

Fermi systems at the unitary limit exhibit very interesting features. A brief

review on that is followed in the next section.
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Table 1.1: The order of magnitude of various fundamental length scales in
a typical cold 6Li experiment. R denotes the range of the van der Waals
potential; kF denotes the Fermi momentum at the trap center; as denotes
the s-wave scattering length; n0 denotes the central particle density. The
magnitude of as under an external magnetic field of 700G, close to a Feshbach
resonance at 834G is given. Note that lengths are given in the unit of the Bohr
radius a0 = 0.529nm.

R 30a0

k−1
F 4000a0

as(at B =700G) 1000a0

n0R
3 10−6

1.2 The universality at the unitary limit

The term ‘unitary limit’ originally refers to the situation in a two-body scat-

tering process where the cross section attains its possible maximum. Mathe-

matically that means the particles possess an infinitely long scattering length.

In fact, many authors also use such term to describe a low density(small kF )

many-body system with a huge scattering length as. Under such conditions

the fermions are ‘strongly interacting’ and a full theoretical description of the

system is a challenging task in many-body theory.

Quantitatively, the low-density condition means n0R
3 ¿ 1. When the scat-

tering length approaches infinity, the dimensionless parameter 1/askF reaches

zero. Satisfying both criteria should result in a special situation where both

R and as drop out of the many-body problem, leaving kF as the only relevant

length scale, or equivalently k2
F /m as the only energy scale. Obviously this

implies an ‘universality’ meaning that the properties of the fermionic sys-

tem depend only on kF and are independent on the underlying two-body
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potential[15–17]. Of much interest and significance is the ‘universal’ equa-

tion of state shared by all cold Fermi gas at zero temperature. The ground

state energy E0 of a two-species fermionic system at the unitary limit can be

shown to be simply proportional to that of the non-interacting gas, namely

E0 = ξEfree
0 [15] with the proportionality constant ξ being the same for any

type of underlying particles. Similar universal behavior is expected to show

up also in collective excitations [18–22, 24, 26, 28, 32], and thermodynamic

properties [29–33].

The ground state properties of a fermionic system possessing a huge scat-

tering length has aroused interest among theoretical physicists for some time.

Back in 1999, Bertsch[34] already formulated a challenge to many-body theo-

rists to clarify the structure of the ground state of a fictitious neutron matter

interacting with an infinite scattering length. The recent implementation of

Feshbach resonance in cold alkali atoms has made the experimental study of

fermion gas at and close to the unitary limit possible. The universality at the

unitary limit allows such studies to start with very simple model two-body

potentials such as a contact interaction.

In this dissertation, we present several studies on cold Fermi gas at and

close to the unitary limit. Our major study is based on neutron matter, while

the rest are based on simple model systems. The nucleon-nucleon interaction

is a realistic two-body potential far more complicated than that in atoms. It

is important to demonstrate that neutron matter at the unitary limit indeed

have the expected universal equation of state E0 = ξEfree
0 mentioned before,

and the numerical value of ξ should be consistent with numerical studies on

model cold fermionic systems. In our work traditional many-body approaches
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from nuclear physics are employed, including the use of Brueckner G-matrix

and the recently developed low-momentum nucleon-nucleon interaction Vlow−k.

More details are given in the next two sections.

1.3 Neutron matter at the unitary limit

The primary focus in this dissertation is the calculation of the ground state

energy E0 of cold fermi gas at the unitary limit which should have the form

E0 = ξEfree
0 with the constant ξ being the same for all underlying particles.

The four most recent experimental value of ξ from cold alkali gas fall between

0.36-0.46[32, 35–37], with relatively large error bars(∼ 10%). By far the best

estimate on ξ is from quantum Monte Carlo methods. Astra et. al. obtained

0.42(1) based on a square well potential with a particle density nR3
0 = 10−6

(where R0 is the potential range)[39]. Carlson et. al. obtained 0.44(1) based

on a ‘cosh potential’, with a particle density nµ−3 = 0.020 (where 2/µ is the

effective range)[38].

In our work the determination of ξ is based on neutron matter. Ordi-

nary low-density neutron matter is already quite close to the unitary limit

owing to its large s-wave scattering length as ∼ 19fm in the 1S0 channel.

To study neutron matter at the unitary limit, we shall slightly modify the

usual neutron-neutron interaction through a manual tuning on the mass of σ

meson in the high-precision meson-exchange CD-Bonn nucleon-nucleon(NN)

potential[40]. Exchanging a lighter meson should generate a stronger attrac-

tion, making the scattering length as more negative. In this way we generate

‘tuned’ NN interaction associated with various values of 1S0 scattering lengths
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ranging from −10fm to −12000fm. To obtain the ground state energy we shall

sum up the low-momentum particle-particle hole-hole (pphh) ring diagrams

to all orders based on a model space method. The inclusion of hole-hole cor-

relation in such ring diagram summation is expected to give improved result

over the traditionally used Brueckner-Hartree-Fock method on the equation

of state. The tuned nucleon potentials are first renormalized by integrating

out the high-momentum components beyond a certain decimation scale Λ. An

infinite order summation of pphh ring diagrams within the finite model space

k ≤ Λ is then followed giving finally the ground state energy of neutron mat-

ter. For the renormalization we have employed two approaches, one results

in the Brueckner G-matrix[45, 46] and the other Vlow−k which is a recently

developed low-momentum interaction[50–55]. In Chapter 3 we shall show that

these two approaches give almost identical computation result, nonetheless,

the Vlow−k approach offers a much more direct and simpler calculation. A

brief introduction of both is given in the next section.

We have obtained the equation of state for low-density neutron matter with

Fermi momentum kF ranging from 0.8 − 1.5fm−1, or in terms of the particle

density n = (1.73 − 11.40) × 10−2fm−3. At the limit as → ±∞, resulted

values on ξ = E0/E
free
0 all lies within a narrow window of 0.437-0.448[41].

This clearly confirms a universality over nΛ−3 = (1.4− 9.4)× 10−3 ¿ 1. The

numerical value of ξ is not just consistent with experimental values from cold

atoms, but also in excellent agreement with the numerical result from quantum

Monte Carlo calculations. Let us stress again that neutron-neutron interaction

differs greatly from the van der Waals potential in cold atoms, or the model

potentials of square well and cosh function used in Monte Carlo calculations.
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Table 1.2: Important length scales in our calculation of the ground state energy
of neutron matter at the unitary limit. Λ is the decimation scale used in the
renormalization of the tuned CD-Bonn potential giving a scattering length
as = −12000fm in the 1S0 channel.

Λ 2.3fm−1

kF 0.8-1.5fm−1

as(tuned CD-Bonn) -12000fm

nΛ−3 (1.4− 9.4)× 10−3

The fact that low-density cold Fermi gas all share a unique equation of state

provides an excellent illustration of the underlying universality.

In our computation on neutron matter we have ‘tuned’ the meson-exchange

CD-Bonn potential. Such ‘tuning’ is a manual adjustment on the mass of

σ meson and thus on the scattering length in the 1S0 channel. To obtain

as = −12000fm we have decreased the mass of σ by about 2%(10MeV). Worth

mentioning is that the decrease on meson masses may come naturally from the

density dependence of nucleon potential itself. The Brown-Rho scaling[42, 43]

suggests that the in-medium mass(m∗) of ρ, ω and σ should decrease linearly

with the nuclear density n according to m∗/m = 1 − Cn/n0, where C is a

constant of value ∼ 15% and n0 is the nuclear saturation density. The full

consideration on the such density modification on neutron potential should

include the enhancement of attraction from σ and also the repulsion from ρ

and ω as well. Whether the combined effect could result in a huge scattering

length is out of the scope of this dissertation. The equation of state of nuclear

matter with Brown-Rho scaling incorporated is of much interest and is under

study[44].
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1.4 Renormalization of NN interaction

In microscopic calculations on neutron matter, suitably renormalized nucleon-

nucleon(NN) interaction must be employed. Both the repulsive hard core and

the tensor-force which is highly singular at short distances make the bare NN

potentials unsuitable for direct calculations. Traditionally, the Brueckner G-

matrix[45, 46] is used in place of the bare NN potential. It is defined by

Gijkl(ω) = Vijkl +
∑
rs

Vijrs
Q(rs)

ω − k2
r − k2

s + i0+
Grskl(ω) (1.1)

where k2
r stands for the kinetic energy ~2k2

r/2m and similarly for k2
s . Q is the

Pauli projection operator which ensures that the intermediate states must be

particle states.

Q(rs) = 1, if ks, kr > kF

= 0, otherwise. (1.2)

As obvious from Eqn.1.1, the G-matrix approach renormalizes the bare NN

potential through a particle-particle ladder resummation. Note also that the

Brueckner G-matrix is energy dependent in the sense that it is a function of

the ‘starting energy’ ω, which must be determined self-consistently[45, 46].

Motivated by the renormalization group(RG) and effective field theory(EFT),

the low-momentum NN potential, denoted as Vlow−k[50–55], is a recently de-

veloped effective NN interaction. From a EFT perspective, because low-energy

physics are insensitive to the details of the high-energy dynamics, there exists

many Hamiltonians possessing the same low-momentum structure that give
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rise to the same low-energy physics, while differing only in the high-momentum

region. Intuitively one can construct a simple effective low-momentum inter-

action by integrating out all high-momentum components beyond a cut-off

Λ, under the condition that the low-energy phase shifts and the deuteron

pole remain preserved. Since realistic NN potentials such as CD-Bonn[40],

Argonne[47], Nijmegan[48] and Idaho[49] are all constructed to reproduce ex-

perimental determined phase shifts up to an energy Elab ≈ 300MeV, by choos-

ing a Λ ' 2fm−1 one can obtain an effective NN potential with the model-

dependent high-momentum components ‘removed’.

More specifically, the renormalization procedure in the construction of

Vlow−k is based on a T -matrix equivalence method [50–55]. One requires Vlow−k

to satisfy

Tlow−k(p
′, p, p2) = Vlow−k(p

′, p) +

∫ Λ

0

q2dq
Vlow−k(p

′, q)Tlow−k(q, p, p
2)

p2 − q2 + i0+
, (1.3)

where Tlow−k is the low-momentum components of the original T -matrix, namely

T (p′, p, p2) = Tlow−k(p
′, p, p2); (p′, p) ≤ Λ. (1.4)

In other words, the half-on-shell matrix elements of T are preserved up to the

cut-off Λ. Notice that the intermediate states in Eqn. 1.3 is from zero to Λ.

This should be contrasted to the definition of the original T -matrix which is

T (k′, k, k2) = V (k′, k) +

∫ ∞

0

q2dq
V (k′, q)T (q, k, k2)

k2 − q2 + i0+
. (1.5)

It can be shown that the construction of Vlow−k is a renormalization group
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decimation[56]. Recent works demonstrates that the Vlow−k’s derived from

various bare NN potentials such as CD-Bonn, Argonne, Nijmegan and Idaho

all flow to a unique potential as the decimation scale is brought down to around

2fm−1[50–55]. The resulted ‘unique’ Vlow−k is smooth and energy-independent.

In contrast, the energy-dependence in Brueckner G-matrix often complicates

the numerical calculations. An in-depth review on Vlow−k can be found, for

example, in Ref.[54].

1.5 Dissertation Outline

In this dissertation, we focus on cold Fermi gas at and near the unitary limit

where Fermi atoms are strongly interacting. Since the experimental investi-

gation is mainly on cold alkali atoms at broad Feshbach resonances, therefore

in Chapter 2 we shall first discuss the underlying mechanism of such coupled-

channel scattering resonance. To illustrate its main features a simple and

exactly solvable model shall be employed.

In Chapter 3, we present our major study, namely the calculation on the

ground state energy of neutron matter at and close to the unitary limit. First,

we shall explain how we produce neutron-neutron interactions with various

scattering lengths by slightly tuning the high precision CD-Bonn potential.

These tuned neutron potentials must be renormalized for microscopic calcu-

lation. The renormalization procedures will be discussed. In particular we

shall emphasize the advantage of using the recently developed low-momentum

nucleon-nucleon interaction Vlow−k. A model-space approach is used to sum

up the low-momentum particle-particle hole-hole ring diagrams to all orders,
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giving the equation of state. Such model space ring computation will be pre-

sented with details. Our result on the equation of state is not just consistent

with the most recent cold alkali gas experimental findings, but in excellent

agreement with quantum Monte Carlo computations.

We further study the quadrupole excitations of cold Fermi gas at the uni-

tary limit. Assuming atoms are confined in a harmonic oscillator and interact

via a separable potential of the Yukawa form, we calculate the quadrupole

excitations with the random phase approximation. We obtained a similar

abrupt rise in the excitation spectrum and the associated large decay width

as observed in experiments. This work can be found in Chapter 4.

We have also applied the widely used Brueckner-Hartree-Fock(BHF) method

to cold Fermi gas at the unitary limit. With a model potential we derived ana-

lytically the form of the Brueckner G-matrix for low-density Fermi gas. From

a fully self-consistent BHF computation we obtain an equation of state at the

unitary limit. The result, presented in Chapter 5, is in excellent agreement

with quantum Monte Carlo calculation on the normal ground state of cold

Fermi gas.

A summary of this dissertation is contained in Chapter 6.
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Chapter 2

Separable Coupled-Channel

Model and Magnetic Field

Induced Feshbach Resonance

2.1 Feshbach resonance in cold alkali gas

Feshbach resonance [57] originally refers to a resonance in neutron scattering

due to the formation of a quasi-bound state between the scatterer and the

incident particle. Recently, magnetic field induced Feshbach resonance is real-

ized in trapped cold alkali gas[6–8]. By tuning an external magnetic field, the

energy of a quasi-bound state in a closed scattering channel is Zeeman shifted

and made very close to the energy threshold of an open channel, giving rise

to a magnetic-field induced scattering resonance. This resonance has many

interesting features and has opened a new era to the study of cold quantum

gas. It serves as an experimental control mechanism to tune the scattering
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length of alkali atoms over a wide range, essentially from positive to negative

infinity. Through such process, the inter-atomic effective interaction could also

be experimentally controlled. As a result, cold alkali gases has provided us a

unique many-body system with a tunable interaction.

The ground state electronic structure of alkali atoms is very simple to

describe. It consists of closed shells and an extra electron occupying a s-orbit in

a higher shell. The nuclear spin is coupled to the electron spin via the hyperfine

interaction. In cold alkali gas experiments temperature of the gas cloud is so

low that the hyperfine states are the only relevant degrees of freedom. During

a close encounter with an incoming particle, an alkali atom can be scattered

from one hyperfine state to another. In other words, the scattering process

of cold atoms is a coupled-channel problem. Typically, cold alkali gas atoms

are first prepared in an equal mixture of two hyperfine states. An external

magnetic field is then used to induce a s-wave resonance. For example, a s-

wave Feshbach resonance can be observed at around 202G with trapped 40K

atoms prepared in states |f = 9/2, mf = −7/2〉 and |f = 9/2,mf = −9/2〉[11].

With a coupled-channel theory, the Feshbach resonance demonstrated in

cold alkali gas can be studied through a rigorous formulation from the under-

lying microscopic physics. A thorough discussion can be found, for example,

in Ref.[58]. The resonance mechanism can be illustrated starting from a two-

channel Hamiltonian of the form

H =



−∇2 0

0 −∇2 + ∆


 +




V11 V12

V21 V22


 . (2.1)
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The two scattering channels, 1 and 2, represent respectively an open and a

closed channel in an inter-atomic scattering process. V11 and V22 denotes the

atomic interactions for these channels respectively, while V12 denotes the inter-

channel coupling.

Feshbach resonances demonstrated in cold alkali atoms involve a shallow

bound state in the closed channel. The resonance mechanism is best illustrated

with a figure. Fig.2.1 is a schematic illustration of a coupled-channel Feshbach

resonance. The energy Eb of a shallow bound state in the closed channel is

shifted as ∆ is tuned. As Eb gets close to the threshold of the open channel,

the system can be easily scattered into the closed channel before decaying back

to the open channel, leading to a resonance.

To describe a Feshbach resonance more quantitatively, one need to obtain a

relation between the scattering length as and the tuning parameter ∆ in order

to obtain the exact resonance position ∆FR. Also of interest is the width of

the resonance Γ. To a good approximation, the behavior of as in the proximity

of a resonance can be described by the simple expression

a = anr

(
1 +

Γ

∆−∆FR

)
. (2.2)

where anr represents a non-resonant scattering length. For example, the Fes-

hbach resonance of 6Li at 830G can be described by the following fit formula

to better than 90% in a wide range of magnetic field B from 600G to 1200G:

as(B) = abg

(
1 +

∆B

B −B0

)
(1 + α(B −B0)) (2.3)
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Figure 2.1: Schematic illustration of coupled-channel Feshbach resonance. At
resonance, the energy of a bound state in the closed channel is made very close
to the threshold of the open channel.

where ∆B, B0, abg and α are fitting parameters of values 300G, 834.15G,

-1405a0 and 0.040kG−1 (a0 is the Bohr radius)[14].

Γ is an important physical parameter characterizing the ‘broadness’ of a

Feshbach resonance. In cold alkali gas experiments, various broad and narrow
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Feshbach resonances are predicted and observed. For example, in the experi-

mental study of the two lowest hyperfine states of 6Li, a broad s-wave Feshbach

resonance is found at ∼ 830G, and a narrow one at ∼ 540G[12, 59]. One can

show that Γ is related to the effective range re of the scattering.

As mentioned in Chapter 1, dilute Fermi gas with both a short range

interaction and a large scattering length should exhibit universal behavior in

the sense that the only relevant length scale left in the many-body system

should be the Fermi momentum kF . Nonetheless, it have been stressed by

many authors that such universality could be expected only at broad Feshbach

resonances[60, 61], which means the effective range re should also be sufficiently

small (compared to k−1
F ) for universality to hold. Of more interest is that a

coupled-channel Feshbach resonance can be effectively mapped to an single-

channel one if it is broad [61]. It follows then in a theoretical study of the

universal properties of a many-body cold fermionic systems near the unitary

limit, it is sufficient to consider the simple scenario where a broad scattering

resonance occurs in a single channel.

To address these issues, the next section is devoted to a more in-depth dis-

cussion on the coupled-channel nature of the magnetic field induced Feshbach

resonance in cold Fermi gas experiments. With the use of an exactly solvable

model, we illustrate how one can derive analytically an expression relating the

scattering length as and the tuning parameter ∆. Based on which the rela-

tionship of the width Γ and the effective range re can be studied. From our

model it is clear that a large Γ implies a small re. We shall present a procedure

for constructing an effective single-channel potential that would reproduce the

same T -matrix for the underlying coupled-channel Hamiltonian. Being con-
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sistent with the result in Ref.[61], such procedure is unambiguous only if Γ is

large.

2.2 Exactly solvable model in coupled-channel

Feshbach Resonance

2.2.1 Coupled-channel separable model of Feshbach res-

onance

We consider a model two-component system and assume a Hamiltonian of the

form in Eqn.2.1. To study the Feshbach resonance for such model, the physical

quantity of primary interest would be the reactance matrix R defined by




R11 R12

R21 R22


 =




V11 V12

V21 V22


+




V11 V12

V21 V22







GP
1 (ω) 0

0 GP
2 (ω, ∆)







R11 R12

R21 R22




(2.4)

where the propagators are

GP
1 (ω) =

P
ω − (−∇2)

GP
2 (ω, ∆) =

P
ω − (−∇2)−∆

. (2.5)

Note that the principal value boundary condition, denoted by P , is imposed.

Once an full analytic expression on R is obtained, one can deduce the molec-

ular bound state energies from the poles and derive the T matrix and other

scattering parameters in a straight forward way.

To solve for R, it is convenient to consider the momentum space coupled
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integral equations. As an example, R11 and R21 satisfy

R11(k, k′, ω) = V11(k, k′) +
2

π
P

∫
V11(k, q)R11(q, k

′, ω)

ω − q2
q2dq

+
2

π
P

∫
V12(k, q)R21(q, k

′, ω)

ω − q2 −∆
q2dq, (2.6)

where the two-particle relative momenta are denoted by k, k′ and q. The

equations for the other components of R are of similar forms and are omitted.

We assume that the potentials are separable in the form

Vij(k, k′) = αijfi(k)fj(k
′); i, j = 1, 2, (2.7)

with fi(k) being a Yukawa-type function, namely

fi(k) =
1

µ2
i + k2

; i = 1, 2. (2.8)

αij and µ−1
i represent respectively the strengths and ranges of the interactions.

In coordinate space, the above separable potential corresponds to a non-local

potential of the form e−µire−µjr′/(rr′). It is readily seen that the solutions of

the integral equations above will also have a separable form, namely

Rij(k, k′, ω) = λij(ω)fi(k)fj(k
′); i, j = 1, 2. (2.9)

The functions λij are

λ11(ω) =
α11(1− α22I2(ω)) + α12α21I2(ω)

(1− α11I1(ω))(1− α22I2(ω))− α12α21I1(ω)I2(ω)
, (2.10)
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λ21(ω) =
α21(1− α11I1(ω)) + α11α21I1(ω)

(1− α11I1(ω))(1− α22I2(ω))− α12α21I1(ω)I2(ω)
, (2.11)

and similarly for λ22 and λ12. I1 and I2 are integrals

I1(ω) =
2

π
P

∫ ∞

0

f1(k)2

ω − k2
k2dk (2.12)

I2(ω) =
2

π
P

∫ ∞

0

f2(k)2

(ω −∆)− k2
k2dk. (2.13)

Note that I2 is dependent on the Zeeman shift ∆. Substituting fi(k) as given

by Eqn.2.8, we obtain the explicit form of Ii as

Ii(ω) =
Ω− µ2

i

2µi(Ω + µ2
, )

2
, Ω ≥ 0,

= − 1

2µi(
√

(−Ω) + µi)2
, Ω < 0. (2.14)

In the above Ω stands for ω for i = 1, and (ω −∆) for i=2.

2.2.2 Model studies of Feshbach resonance

To study Feshbach resonance, it is important to first explore the behavior of

the molecular bound states. The bound state energies, E, as determined by

the poles of R, must satisfy

(1− α11I1(E))(1− α22I2(E))− α12α21I1(E)I2(E) = 0. (2.15)

Observe that by setting α12 = α21 = 0, we can recover the uncoupled case

and E should be given by the energies of the individual bound states in each
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channel, which were found to be

√
−E =

√−α11

2µ1

− µ1 (channel 1) (2.16)

√
−(E −∆) =

√−α22

2µ2

− µ2 (channel 2). (2.17)

Thus each individual channel contains at most one bound state as the attrac-

tive potential gets stronger. This simple spectrum greatly simplifies the study

of the coupled case. For a weak coupling scenario, which is true in experi-

ments, the position of resonance can be crudely determined by requiring the

energy of the bound state in the closed channel to be zero. An exact analytic

result on the position of the resonance was found to be

∆FR =




√
α12α21

4(α11

2µ1
+ µ2

1)µ1µ2

− α22

2µ2

− µ2




2

. (2.18)

As ∆ is swept across ∆FR, the occurrence of the resonance should reflect

in the scattering parameters. The scattering parameters in the open channel

can be analytically obtained by the effective-range approximation on the phase

shift δ11:

k0 cot δ11 = − 1

R11(k0, k0, k2
0)
≡ − 1

as

+
1

2
rek

2
0 + O(k4

0) (2.19)

where k2
0 ≡ ω denotes the incident energy, as and re denote the scattering

length and effective range respectively. For simplicity, here we write down the
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results for the case µ1 = µ2 = µ:

as =
C

A
(2.20)

re =
2

C

(
AD

C
−B

)
(2.21)

where

A = µ2(µ2 +
α11

2µ
)(

α22

2µ
+ (µ +

√
∆)2)− α12α21

4
(2.22)

B = (2µ2 − α11

2µ
)(

α22

2µ
+ (µ +

√
∆)2) +

α12α21

4µ2

−µ2(µ2 +
α11

2µ
)(1 +

µ√
∆

) (2.23)

C =
α11α22

2µ
− α12α21

2µ
+ α11(µ +

√
∆)2 (2.24)

D = −α11(1 +
µ√
∆

). (2.25)

It is obvious that ∆ = ∆FR is equivalent to the condition of A = 0. As

resonance is approached, ∆ → ∆FR and A → 0 resulting in

as → ±∞ re → −2B

C
. (2.26)

Fig.2.2 shows the behavior of as and re for a broad and a narrow Feshbach

resonance from the exact expressions in Eqn.2.20 and Eqn.2.21. As shown from

the plots, the width of a resonance in as has a definite relationship with the

magnitude of re at resonance. A broader resonance associates with a smaller

residue effective range. In cold alkali gas experiments, scattering length was

measured as a function of an external magnetic field and both broad and

narrow resonances were observed. As mentioned before, 6Li gas exhibits a
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broad resonance at ∼ 830G and a narrow resonance at ∼ 540G[12, 59]. In

our model, the relationship between the width of a resonance and the effective

range can be studied analytically.
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Figure 2.2: Scattering length as and effective range re of a broad and a narrow
Feshbach resonance where µ1 = µ2 = µ. The exact position of the resonance
is marked by the dash-dotted line. (a) and (b) belong to a broad resonance,
with µ = 10.0, α11 = −1.1 (2µ3), α11 = α21 = 0.1 α11, α22 = −1.5 (2µ3).
(c) and (d) belong to a narrow resonance with µ = 10.0, α11 = −2.0 (2µ3),
α11 = α21 = 0.1 α11, α22 = −1.5 (2µ3).

As from Eqn.2.20, the geometric curve relating as and the variable (µ +
√

∆)2 is an exact hyperbola with the asymptotes giving the position of the

resonance. It is natural to define the width of a resonance Γ as the semi-major
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axis which was found to be

Γ =
α12α21

µ(µ2 + α11

2µ
)2

. (2.27)

Observe that −α11/(2µ) = µ2 is the threshold for Channel 1 to contain a

bound state. Thus the width of a Feshbach resonance in our model, apart from

the trivial dependence on α12,α21 and µ , is controlled by the position of the

bound state in the open channel. A shallow bound state could help producing

a broader resonance. As shown above, as a resonance is approached, re will

approach a limit −2B
C

which can be expressed explicitly in terms of Γ as

re → −2B

C
=

3

µ
− 4

Γ
(1 +

µ√
∆FR

). (2.28)

Thus a broad resonance is associated with a slightly negative re as in Fig.2.2.

The behavior of re is very crucial in the study of scattering resonance because

it reflects the energy dependence of the phase shift and directly relates to the

behavior of the system around the unitary limit.

2.2.3 Complex T-matrix and the unitary limit

In a single channel scattering process, the on shell matrix element of T matrix,

T (k0, k0, k
2
0) , is related to the phase shift δ by

k0T (k0, k0, k
2
0) = − sin δ eiδ (2.29)
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In two-body scattering theory, ‘unitary limit’ refers to the point where δ = π/2.

When such limit is reached, T (k0, k0, k
2
0) becomes purely imaginary and the

scattering cross section attains its maximum. In our coupled-channel model,

we define the unitary limit in the open channel as the point where

δ11 =
π

2
and T11(k0, k0, k

2
0) = − i

k0

. (2.30)

We shall derive a full analytic expression on T11 and to study its energy de-

pendence around Feshbach resonance and the unitary limit. To proceed, note

that T matrix can be obtained from R matrix by

T = R + R



−iπδ(ω − (−∇2)) 0

0 −iπδ(ω − (−∇2)−∆)


 T (2.31)

where T and R are the 2× 2 matrices:

T =




T11 T12

T21 T22


 , (2.32)

R =




R11 R12

R21 R22


 . (2.33)

With R being separable, T also admits a solution of a separable form and we

define

Tij(k, k′, ω) = ηij(ω)fi(k)fj(k
′); i, j = 1, 2. (2.34)

The open channel component of T , T11, is easy to solve in the low-energy

regime where ω ≡ k2
0 < ∆ is assumed. With such assumption T11 is solely
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determined by R11. By substituting the solution of R we have

η11(k
2
0) =

λ11(k
2
0)

1 + ik0λ11(k2
0)f1(k0)f2(k0)

. (2.35)

The real and imaginary parts of the on-shell matrix element T11(k0, k0, k
2
0)

around both a broad and a narrow Feshbach resonance are plotted in Fig.2.3,

each for several values of the incident energy. The unitary limit is the location

of the sharp peak in the plot of the imaginary part. The exact positions of

the resonances are marked as well. For a broad resonance, Feshbach resonance

and the unitary limit occurs at the same point where ∆ = ∆FR. For a narrow

resonance, the position of the unitary limit exhibits a stronger energy depen-

dence and does not necessarily coincide with the position of the resonance.

In fact, this can be understood analytically by performing an expansion in k0

on T11(k0, k0, k
2
0). It can be trivially shown that when resonance occurs, i.e.

1/as = 0,

T11(k0, k0, k
2
0) = − i

k0

− re

2
+ i

r2
e

4
k0 + O(k2

0) (2.36)

where re is the effective range in the open channel. Notice that re enters

naturally into the energy expansion above because T11(k0, k0, k
2
0) is determined

by R11(k0, k0, k
2
0) as from Eqn.2.35. As concluded in the previous section, a

broad resonance has a small residue re. Thus in the above expansion, for low

energies the real part vanishes and unitary limit is also reached at resonance.
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2.2.4 Effective single-channel potential

In the theoretical study on BCS-BEC crossover, a single channel model is often

used, with a simple effective inter-atomic interaction like a contact interaction.

However, in trapped alkali gas experiments, the Feshbach resonance is coupled-

channel in nature. Whether a coupled-channel Feshbach resonance can be

reduced to an effective single-channel resonance aroused some discussions[60,

61]. It has been pointed out that an effective single-channel formalism is

possible only if the original coupled-channel resonance is broad. Here, we shall

illustrate this with our separable model.

First, observe that our single-channel separable model exhibits one and

only one Feshbach resonance which is always broad. To see this, we consider

the simple case of a single-channel separable potential of the form V (k, k′) =

αf(k)f(k′), where f(k) = 1/(µ2 + k2). Following the derivation in Section

2.2.2, the scattering length and effective range were found to be

as =
α

µ2(µ2 + α
2µ

)
(2.37)

re =
1

µ
− 4µ2

α
. (2.38)

Therefore, there is one and only one broad resonance at α = −2µ3. At that

point, the residue value of re is 3/µ. This implies that for a short range

interaction, re is almost zero at resonance.

Since all broad resonances should exhibit universal behavior, a broad res-

onance in the coupled-channel case should be able to reduce to an effective

single-channel one. To see this, we consider the simple case where µ1 = µ2.
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We define an effective strength

α̃(ω) = α11 + α12α21
I2(ω)

1− α22I2(ω)
. (2.39)

By direct substitution, it is easy to verify that a single-channel separable po-

tential with a strength α̃(ω) would reproduce the same R matrix as the open

channel component R11 of a coupled-channel potential with potential strengths

α11, α12, α21 and α22. We shall study the energy dependence α̃(ω) around a

Feshbach resonance. Since I2(ω) is known an energy expansion can be done

exactly. The position of the coupled-channel potential is given by ∆ = ∆FR.

Using such condition, we have at resonance

α̃(ω) = −2µ3 − 8µ2(1 +
µ√
∆FR

)
1

Γ
ω + O(ω2). (2.40)

where Γ is the width of the coupled-channel resonance defined in Eqn.2.27.

In the low energy regime, α̃(ω) can be considered energy-independent for a

resonance with a large Γ. In this way we have demonstrated a procedure

to construct an effective single-channel potential for a broad coupled-channel

Feshbach resonance.

2.3 Conclusion

We have reviewed the mechanism of Feshbach resonance in cold alkali gas

experiments and presented a coupled-channel model for such resonance with

separable potentials of Yukawa form. We deduced the condition for resonance

and presented exacted analytic results on both the T -Matrix and the scat-
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tering length. This model captures the essence of the physics of Feshbach

Resonance demonstrated in cold Fermi systems, with the advantage that the

coupled-channel scattering parameters can be analytically obtained. We have

discussed the different properties of broad and narrow resonances, and showed

that a coupled-channel resonance can be effectively mapped to a single-channel

one as long as it is broad. This result is consistent with the current under-

standing that the broad coupled-channel Feshbach resonances in cold Fermi

gas experiments can be theoretically modeled via a single-channel formalism.
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Figure 2.3: Real part and imaginary part of the on-shell T matrix element
T11(k0, k0, k

2
0), with µ1 = µ2 = µ, for several values of k0. The exact position

of the resonance is marked by the dash-dotted line. (a) and (b) belong to
a broad resonance, with µ = 10.0, α11 = −1.1 (2µ3), α11 = α21 = 0.1 α11,
α22 = −1.5 (2µ3). (c) and (d) belong to a narrow resonance with µ = 10.0,
α11 = −2.0 (2µ3), α11 = α21 = 0.1 α11, α22 = −1.5 (2µ3). The solid line, dash
line and dotted line refers to k0 = 0.1,0.2 and 0.5 respectively.
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Chapter 3

Low-momentum ring diagrams

of neutron matter at and near

the unitary limit

3.1 Introduction

Back in 1999, Bertsch[34] formulated a many-body problem, asking: what

are the ground state properties of a two-species fermion system that has a

zero-range interaction and an infinite scattering length? Such problem was

originally set up as a parameter-free model for a fictitious neutron matter. At

that time it was not clear whether such form of matter can be stable. Recently,

as the experiments on trapped cold alkali gas undergo huge breakthroughs,

degenerate Fermi gas with a tunable scattering length (including±∞) becomes

accessible in laboratories[6–8]. Since then cold Fermi systems have aroused

growing attention.
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As discussed in Chapter 1, many authors used the term ‘unitary limit’ to

refer to a low-density (or small kF ) cold Fermi gas with a huge scattering length

as. At such limit universal behavior is expected to show up in the sense that

the ground state properties should be determined solely by kF . In particular,

the ground state energy, E0, is expected to be proportional to that of the

non-interacting gas Efree
0 [15]. In other words, E0/E

free
0 = ξ , or equivalently

E0

A
=

3

5

k2
F

2
ξ (3.1)

(~ = m = 1) where A denotes the number of particles. The universal con-

stant ξ is of great interest and many attempts have been made to derive it

analytically or determine it experimentally.

The theoretical derivation on the value of ξ is highly challenging. In the

literature one can find estimation of ξ done by researches from various fields

in physics employing different many-body calculation approaches. In most of

such works, ξ is between 0.3 to 0.7. For example, an early work based on differ-

ent Padé approximations gives ξ = 0.326, 0.568[15]. Diagrammatic approach

gives 0.326 with Galitskii resummation[16], 0.7 with ladder approximation[16],

and 0.455 with a diagrammatic BCS-BEC crossover theory[62]. Other theo-

retical approaches have also been used, including ε expansion, which gives

ξ=0.475 in [63] and [65], and variational formalism, which gives 0.360 in [64].

Cold alkali gas experimentalists have also performed measurements for ob-

taining ξ. The four most recent ones are listed in Table 3.1. Though the

experimental results are consistent with each other, the experimentally deter-

mined value of ξ still falls between relatively large error bars(∼10%). By far
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the best estimate on ξ is considered to be that from quantum Monte-Carlo

methods. Two studies employing different underlying model potentials give

highly consistent results. From Carlson et. al. ξ = 0.44(1)[38]; from Astra et.

al. ξ = 0.42(1)[39].

ξ Authors Ref.

0.36(15) Bourdel el.al [35]
0.51(4) Kinast et.al. [32]
0.46(5) Partridge et.al. [36]
0.46+0.05

−0.12 Stewart et.al. [37]

Table 3.1: Comparison of recent experimental values on ξ.

Cold and dilute neutron matter is a special class of cold Fermi system with

great importance in astrophysics. Its properties at resonance has attracted

much interest recently [66, 67]. In this Chapter we report results from low-

momentum ring diagram calculations on the ground-state energy of neutron

matter at and near the unitary limit. As is well-known, the 1S0 channel of

neutron matter has a fairly large scattering length as (−18.97fm), nonethe-

less, it is still finite. Here, by adjusting the interaction parameters of the

CD-Bonn potential[40], we construct ‘tuned’ neutron interactions with differ-

ent as’s such as −9.83fm, −12070fm and +21fm (which possesses a bound

state). For a wide range of neutron density, the case of as = −12070fm can

be considered the same as the unitary limit, namely as → −∞. We shall

compute the ground state energy of neutron matter, with inter-neutron po-

tentials being these ‘tuned’ CD-Bonn’s, by two steps: renormalization followed

by ring summation. We first renormalize neutron interactions with a T -matrix

equivalence renormalization method [50–55], where the high-momentum com-
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ponents beyond a decimation scale Λ are integrated out. This gives the cor-

responding low-momentum interactions Vlow−k’s with the scattering lengths

being preserved. Then, we calculate the ground state energy by summing the

particle-particle-hole-hole (pphh) ring diagrams[68] to all orders. In such ring

summation, we employ a model space approach, namely, the summation is

carried out within a model space characterized by {k ≤ Λ}.
We shall closely examine how our results differ from similar calculations

with a different renormalized interaction - the Brueckner G-matrix on which

the Brueckner Hartree-Fock(BHF) method is based. The BHF method has

been widely used for treating the strongly interacting nuclear many body

problems [69, 70]. However, BHF is a lowest-order reaction matrix (G-matrix)

theory and may be improved in several aspects. To take care of the short

range correlations, the ladder diagrams of two particles interacting with the

bare interaction are summed to all orders in BHF. However, this method does

not include diagrams representing hole-hole correlations such as diagram (iii)

of Fig.3.1. Note that this diagram has repeated (pphh) interactions as well

as self-energy insertions to both hole and particle lines. Another aspect of

the traditional BHF is that it employs a discontinuous single-particle (s.p.)

spectrum which has a gap at the Fermi surface kF . To improve upon these

drawbacks, Song et al. [68] have formulated a G-matrix ring-diagram method

for nuclear matter, with which the pphh ring diagrams such as diagrams (i) to

(iii) of Fig.3.1 are summed to all orders. This ring-diagram method has been

applied to nuclear matter and given satisfactory result [68]. The Vlow−k ring

diagram method used in this Chapter is highly similar to [68]’s , except for

one significant difference: the interaction used in the G-matrix ring diagram
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method is energy dependent. (The Brueckner G-matrix is energy dependent,

as we shall later discuss.) This complicates the calculation a lot. Vlow−k pro-

vides a cleaner and simpler implementation on such all-order ring summation.

We shall first provide an outline of the ring-diagram approach in section 3.2.

The derivation details of the low-momentum interaction from the CD-Bonn

potentials shall be followed in section 3.3. Our major results from the Vlow−k

ring diagram method are in section 3.4. There we shall present our results for

the ground-state energy and ratio E0/E
free
0 obtained with potentials of various

scattering lengths. A fixed-point criterion for determining the decimation scale

Λ will be discussed. There one can also find a comparison of data on the ground

state energy obtained with two different methods-the Vlow−k and the G-matrix

ring diagram methods. We shall present a conclusion in the last section.

3.2 Low-momentum ring diagrams

In this section we describe how we calculate the ring diagrams for the ground

state energy shift ∆E0, which is defined as the difference (E0 − Efree
0 ) where

E0 is the true ground-state energy and Efree
0 is the corresponding quantity

for the non-interacting system. In the present work, we consider the pphh

ring diagrams as shown in Fig.3.1. We shall calculate the all-order sum, de-

noted as ∆Epp
0 , of such diagrams. Our calculation is carried out within a

low-momentum model space {k ≤ Λ} and each vertex of the diagrams is the

renormalized effective interaction corresponding to this model space. Two

types of such interactions will be employed, one being the energy-independent

Vlow−k and the other being the energy-dependent G-matrix interaction. Let us
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consider first the former.

To familiarize with the infinite-order ring summation, one could start with

the lowest-orders terms.

∆Epp
0 (1) =

−1

2πi

∫ ∞

−∞
dωeiω0+

Fab(ω)V abab, (3.2)

∆Epp
0 (2) =

−1

2πi

∫ ∞

−∞
dωeiω0+ 1

2
Fab(ω)V abcdFcd(ω)V cdab; (3.3)

∆Epp
0 (3) =

−1

2πi

∫ ∞

−∞
dωeiω0+ 1

3
Fab(ω)V abcdFcd(ω)V cdefFef (ω)V efab;(3.4)

where repeated indices are summed over and F is the free pphh propagator

Fab(ω) =
n̄an̄b

ω − (εa + εb) + i0+
− nanb

ω − (εa + εb)− i0+
(3.5)

with

na = 1, a ≤ kF ; = 0, k > kF n̄a = (1− na). (3.6)

In the above we used V to denote an anti-symmetrized matrix element, namely

V abcd = 1
2
(Vabcd − Vabdc) . Notice that within our model space treatment, the

summation over the single-particles states are restricted for states inside the

chosen model space only.

One can now write down an expression for an all-order sum of similar ring

diagrams, giving [68]

∆Epp
0 =

−1

2πi

∫ ∞

−∞
dωeiω0+

tr<Λ[F (ω)Vlow−k

+
1

2
(F (ω)Vlow−k)

2 +
1

3
(F (ω)Vlow−k)

3 + · · · ] (3.7)
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Let us introduce a strength parameter λ and a λ-dependent Green function

Gpp(ω, λ) defined by

Gpp(ω, λ) = F (ω) + λF (ω)Vlow−kG
pp(ω, λ). (3.8)

The energy shift then takes the following simple form when expressed in terms

of Gpp, namely

∆Epp
0 =

−1

2πi

∫ 1

0

dλ

∫ ∞

−∞
eiω0+

tr<Λ[Gpp(ω, λ)Vlow−k] (3.9)

A convenient way to proceed is to make use of the Lehmann’s representa-

tion for Gpp where it is expressed in terms of the transition amplitudes X’s

and Y ’s. One can show that

∆Epp
0 =

∫ 1

0

dλΣmΣijkl<ΛYm(ij, λ)Y ∗
m(kl, λ)〈ij|Vlow−k|kl〉, (3.10)

where the transition amplitudes Y are given by the following RPA equation:

∑

ef

[(εi + εj)δij,ef + λ(1− ni − nj)〈ij|Vlow−k|ef〉]

×Ym(ef, λ) = ωmYm(ij, λ); (i, j, e, f) < Λ. (3.11)

The index m denotes states dominated by hole-hole components, namely,

states that satisfy 〈Ym| 1
Q
|Ym〉 = −1 and Q(i, j) = (1 − ni − nj). We have
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used the HF s.p. spectrum given by Vlow−k, namely

εk =
k2

2
+

∑

h<kF

〈kh|Vlow−k|kh〉 (3.12)

for both holes and particles with k ≤ Λ. Thus the propagators of the diagrams

as shown in Fig.3.1 all include HF insertions to all orders. The above spectrum

is continuous up to Λ.

The above ring-diagram method is a renormalization group approach for a

momentum model space defined by a momentum boundary Λ, and the space

with momentum greater than Λ is integrated out. The resulting effective

interaction for the model space is Vlow−k which is energy independent. This

renormalization procedure can, however, also lead to a model-space effective

interaction which is energy dependent. The G-matrix ring-diagram method of

[68] is of the latter approach. Formally, these two approaches should be the

same. In the present work we shall carry out ring-diagram calculations using

both approaches; it would be of interest to compare the results of these two

different approaches.

In the following, let us briefly describe the G-matrix ring diagram method

[68]. Here each vertex of Fig.3.1 is a model-space G-matrix interaction, to be

denoted as GM . It is defined by

GM
ijkl(ω) = Vijkl +

∑
rs

Vijrs
QM(rs)

ω − εr − εs + i0+
GM

rskl(ω). (3.13)

The Pauli projection operator QM is to assure the intermediate states being
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outside Λ and kF , namely it is defined by

QM(rs) = 1, if max(kr, ks) > Λ and min(kr, ks) < kF

= 0, otherwise. (3.14)

In the above kF < Λ. In Ref.[68] Λ is chosen to be ∼ 3fm−1. Note that the

above GM is energy dependent, namely it is dependent on the energy variable

ω. However, ω is not a free parameter; it is to be determined in a self-consistent

way. For example, the model-space s.p. spectrum is given by the following

self-consistent equations:

εa =
k2

a

2
+ 〈a|U |a〉; (3.15)

〈a|U |a〉 =
∑

h≤kF

〈a, h|GM(ω = εa + εh)|a, h〉, a < Λ

= 0, otherwise. (3.16)

In the above U is the s.p. potential and ε the model-space s.p. energy which

is determined self-consistently with the energy variable of GM . Note that this

s.p. spectrum does not have a gap at kF ; it is a continuous one up to Λ.

When choosing Λ=kF the above is the same as the self-consistent BHF s.p.

spectrum.

When calculating the ring diagrams using GM , its energy variable is also

determined self-consistently. In terms of GM , the all-order sum of the pphh
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ring diagrams is [68]

∆Epp
0 =

∫ 1

0

dλ
∑
m

∑

ijkl(<Λ)

Ym(ij, λ)Y ∗
m(kl, λ)GM

kl,ij(ω
−
m) (3.17)

where the transition amplitudes Ym and eigenvalues ω−m are given by the fol-

lowing self-consistent RPA equation:

∑

ef

[(εi + εj)δij,ef + λ(1− ni − nj)Lij,ef (ω)]Ym(ef, λ)

= µm(ω, λ)Ym(ij, λ); (i, j, e, f) < Λ. (3.18)

The index m denotes states dominated by hole-hole components. The vertex

function L is obtained from 2- and 1-body diagrams first order in GM [68].

The above equation is solved with the self-consistent condition that the energy

variable of L is equal to the eigenvalue, namely

ω = µm(ω, λ) ≡ ω−m(λ). (3.19)

Comparing with the Vlow−k ring diagram calculation described earlier, the

above G-matrix calculation is clearly more complicated. Because of the energy

dependence of the interaction GM , the above equations have to be solved self-

consistently both for the s.p. spectrum and for the RPA equations. To attain

this self consistency, it is necessary to use iteration methods and this procedure

is often numerically involved. In contrast, ring-diagram calculation using the

energy-independent interaction Vlow−k is indeed much simpler. As mentioned

earlier, we shall carry out ring-diagram calculations using both methods.
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Figure 3.1: pphh ring-diagram summation in the calculation of the ground
state energy shift.

3.3 Vlow−k with infinite scattering length

To carry out the above ring-diagram calculation, we need the low-momentum

potential Vlow−k. Since we are interested at neutron matter at and near the

unitary limit (infinite scattering length), we should have Vlow−k’s of definite

scattering lengths, including ±∞, so that the dependence of our results on

scattering lengths can be investigated. In the present work, we have chosen a

two-step procedure to construct such potentials so that the resulting potentials

are close to realistic neutron potentials. We first construct bare potentials

V a based on a realistic nucleon-nucleon potential; these potentials are tuned

so that they have definite scattering lengths. Renormalized low-momentum

potentials V a
low−k are then obtained from V a using a renormalization procedure

which preserves the scattering length.

We start from the high-precision CD-Bonn [40] nucleon-nucleon potential.
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For this potential, the scattering length of the 1S0 channel is already fairly large

(-18.97 fm), and it is found to depend rather sensitively on the interaction

parameters. Thus by slightly tuning the interaction parameters of the CD-

Bonn potential, we have obtained a family of 1S0 neutron potentials of definite

scattering lengths. We shall denote them as V a. Our tuning procedure will be

discussed in section 3.4.1.

Recently there have been a number of studies on the low-momentum nucleon-

nucleon potential Vlow−k [50–55]. Vlow−k is obtained from a bare nucleon-

nucleon potential by integrating out the high-momentum components, under

the restriction that the deuteron binding energy and the low-energy phase-

shifts are preserved. The Vlow−k obtained from different realistic potentials

( CD-Bonn [40], Argonne [47] , Nijmegen [48] and Idaho [49]) all flow to a

unique potential when the cut-off momentum is lowered to around 2fm−1.

The above Vlow−k is obtained using a T -matrix equivalence renormalization

procedure [50–55]. Since this procedure preserves the half-on-shell T -matrix,

it of course preserves the scattering length. Thus this procedure is suitable for

constructing V a
low−k, the low-momentum interaction with definite scattering

length. Using this procedure, we start from the T -matrix equation

T (k′, k, k2) = V a(k′, k) +

∫ ∞

0

q2dq
V a(k′, q)T (q, k, k2)

k2 − q2 + i0+
, (3.20)

where V a is a modified CD-Bonn potential of scattering length a. Notice that

in the above the intermediate state momentum q is integrated from 0 to ∞.
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We then define an effective low-momentum T -matrix by

Tlow−k(p
′, p, p2) = V a

low−k(p
′, p)

+

∫ Λ

0

q2dq
V a

low−k(p
′, q)Tlow−k(q, p, p

2)

p2 − q2 + i0+
,

(3.21)

where the intermediate state momentum is integrated from 0 to Λ, the momen-

tum space cut-off. We require the above T -matrices to satisfy the condition

T (p′, p, p2) = Tlow−k(p
′, p, p2); (p′, p) ≤ Λ. (3.22)

The above equations define the effective low momentum interaction V a
low−k.

The iteration method of Lee-Suzuki-Andreozzi [71, 72] has been used in calcu-

lating V a
low−k from the above T -matrix equivalence equations. From now on,

we shall denote V a
low−k simply as Vlow−k.

3.4 Results

3.4.1 Low-momentum interactions and scattering lengths

To study neutron matter at the unitary limit, we first need a realistic neutron-

neutron interaction that would lead to a huge 1S0 scattering length as, and

a small effective range re. We obtain such interaction by ‘tuning’ the meson

mass mσ in the usual CD-Bonn potential. The exchange of a lighter meson

generates a stronger attraction, therefore making the scattering length as more

negative until a bound state is formed. As one ‘tunes’ across the bound state,
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name mσ(MeV ) as(fm) re(fm)

original CD-Bonn 452 -18.97 2.82
CD-Bonn-10 460 -9.827 3.11
CD-Bonn-42 447 -42.52 2.66
CD-Bonn-∞ 442.85 -12070.00 2.54
CD-Bonn+∞ 442.80 +5121.00 2.54
CD-Bonn+21 434 +21.01 2.31

Table 3.2: mσ in the original CD-Bonn potential is tuned to give neutron-
neutron potentials with different scattering lengths.

as will pass from −∞ to +∞ , eventually become less and less positive. In

this work, this mσ ‘tuning’ is taken as a manual adjustment in the strength

of the neutron-neutron potential. Of great interest is that this ‘tuning’ may

naturally come from the density-dependence of the nucleon-nucleon potential

via the mechanism of Brown-Rho (BR) scaling[42, 43, 73], which suggests the

in-medium meson masses should decrease.

At normal nuclear matter density, the meson masses of ρ, ω and σ are

all expected to decrease by about 15% [73] compared to their masses in free

space. This decrease will enhance not only the attraction from σ but also the

repulsion from ρ and ω. As a preliminary study, we shall tune only mσ in

the present work. To compensate for the repulsive effect from ρ and ω (which

are not tuned in the present work), we shall only tune mσ slightly, namely a

few percent. We shall consider that the above BR scaling is compatible with

neutron matter of moderate density (kF ∼ 1fm−1).

Various ‘tuned’ CD-Bonn potentials are listed in Table 3.2. From there one

can see the sensitivity of the scattering length to the change in mσ. At mσ ≈
442MeV , namely a 2.4% decrease from the original, as ≈ −12000fm. Notice
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that the effective ranges for the CD-Bonn potentials are larger than the actual

ranges of them. For example, re for the original CD-Bonn potential is 2.82fm,

considerably larger than the range of one-pion exchange. Within the range

of Fermi momenta from 0.8fm−1 to 1.5fm−1 that we use in our computation

below, as ≈ −12000fm is obviously enormous compared to any length scale in

the system, thus we expect the neutron matter to be at the unitary limit, i.e.,

no different from the limiting case as = −∞. For convenience, we name such

potential CD-Bonn-∞.

Following the renormalization procedures as already described in section

3.3, we obtain the low-momentum potential Vlow−k’s for several CD-Bonn po-

tentials listed above. A comparison of the diagonal matrix elements in the

Vlow−k’s (with a fixed cut-off momentum Λ) is shown in Fig.3.2. It is of in-

terest that the strength of Vlow−k only changes weakly with the scattering

length. For example, it changes by merely about 10% from as = −18.97fm to

−12070fm.

3.4.2 Ground-state energy and the universal constant ξ

Here we shall present our major results, namely the ground state energies E0

of neutron matter at and close to the unitary limit from the summation of

low-momentum ring diagrams to all orders. Following the potential renormal-

ization procedure described in section 3.3, we first calculate Vlow−k for certain

chosen values for the decimation scale Λ. Then the all-order sum of the pphh

ring diagrams are calculated using the above Vlow−k. In the actual numerical

computation, Eqn. 3.10 is treated in the relative and center-of-mass frame.
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Figure 3.2: Diagonal matrix elements of Vlow−k constructed from CD-Bonn
potentials with different scattering lengths. Λ = 2.4fm−1 is used in all cases.

The final expression, in terms of the relative and center-of-mass coordinates,

for the ground state energy shift is

∆EPP

A
=

6

π2k3
F

∫ 1

0

dλ
∑
m

∫ 2Λ

0

dKK2

∫ Λ

0

dk1 k2
1

∫ Λ

0

dk2 k2
2

Y ∗
m(k1, Kλ)Ym(k2, Kλ)Vlow−k(k1k2, Kλ). (3.23)

In the above, k1 and k2 are relative momenta while K is the center-of-mass

momentum. In our calculation only the contribution from 1S0 channel is in-

cluded.
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How to choose the decimation scale Λ is clearly an important step in our

calculation, and in the present work we shall use a stable-point, or ‘fixed-point’,

criterion in deciding Λ. Before discussing this criterion, let us first present some

of our results for the ground-state energy per particle (E0/A). In Fig.3.3 we

present such results for four as values, calculated with Λs determined by the

above criterion. (The details of this determination will be described a little

later.) As shown by the figure, we see that E0/A does not change strongly with

as. The ratios ξ = E0/E
free
0 are then readily obtained, as shown in Fig.3.4. It

is of interest that the ratios for the four as cases are all weakly dependent on

kF . To help understand this behavior, we plot in Fig.3.5 the potential energy

per particle PE/A (namely ∆Epp
0 /A of Eqn.3.23) versus k2

F , for the same four

as cases. It is rather impressive that they all appear to be straight lines. We

have fitted the ‘lines’ in the figure to the equation

PE

A
= βk2

F + γ (3.24)

We have found (β, γ) =(-0.1370, 0.0002), (-0.1498, -0.0008), (-0.1649, -0.0035)

and (-0.1797, -0.0082) respectively for as =−9.87fm, −18.97fm, −12070fm and

+21.0fm. The rms deviation for the above fitting are all very small (all less

than 0.0013), confirming that they are indeed very close to straight lines. The

above results are of interest, and are consistent with those shown in Fig.3.4.

In fact the ratios of Fig.3.4 are determined by the ‘slopes’ of these ‘lines’.

Before further discussing our results, let us now address the question of

how to determine the decimation scale Λ. There are basically two considera-

tions: The first one concerns the experimental NN scattering phase shifts on
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Figure 3.3: Ground state energy per particle, E0/A, of neutron matter with
various tuned CD-Bonn potentials, computed from the summation of low-
momentum pphh ring diagrams. Only 1S0 contribution is included.

which realistic NN potentials are based. The second is about the dependence

of our results on Λ. Realistic NN potentials [40, 47–49] are constructed to

reproduce the experimental NN phase shifts up to Elab ≈ 300MeV . This sug-

gests that Λ is about 2fm−1, as beyond this scale NN potential models are not

experimentally constrained and are thus rather uncertain (model dependent)

[54].

Our Vlow−k contains the effects of short-range correlations by including the

ladder diagrams between a pair of particles to all orders. Then, in summing up
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Figure 3.4: The ratio E0/E
free
0 as a function of Fermi momentum kF for the

various CD-Bonn potentials listed in Table 3.2. The data with CD-Boon-
∞(as = −12070fm) indicates that E0/E

free
0 is a constant of 0.443±0.006 over

the range of kF as shown.

the pphh ring diagrams to all orders in a model-space (k < Λ), the long-range

correlations corresponding to low-energy fluctuations of the Fermi surface are

also taken care of. In doing so, we must allow enough ‘particle-space’ for the

p − h excitations to take place. Thus Λ needs to be sufficiently larger than

kF . The above considerations suggests that Λ has a lower bound > kF and an

upper bound near 2fm−1.

We now turn to the dependence of our results on Λ. As described in

section 3.2, Vlow−k is used in the determination of the H.F. single particle
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Figure 3.5: Potential energy per particle, PE/A, of neutron matter with
various tuned CD-Bonn potentials, computed from the summation of low-
momentum pphh ring diagrams. Only 1S0 contribution is included.

spectrum (see Eqn.5.22), the transition amplitudes Y in the RPA equation (see

Eqn.3.11), and finally, the ground state energy E0 (see Eqn.3.10). Intuitively,

E0 should exhibit a non-trivial Λ-dependence. For various Fermi-momenta,

this dependence is studied and is found to be remarkably mild.

As an example, let us present in Fig.3.6 our results obtained with the

potential CD-Bonn-∞. For Λ = (2.0 − 2.6)fm−1, it is seen that ξ varies

actually by a rather small amount (note that the range of our plot is from

0.438 to 0.444). Furthermore the Λ dependence of ξ shows up as a curve with
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a minimum. The final choice of Λ is based on the criterion that E0 should be

stable against changes in Λ. As shown in the figure, an obvious stable-point,

or fixed-point, defined by dE0(Λ)/dΛ = 0, is found at about 2.3fm−1. Thus

we have used Λ = 2.3fm−1 for CD-Bonn-∞. We found that the position of the

fixed point is almost the same for the different Fermi-momenta in the range

(0.8 − 1.5)fm−1. The same procedure is done on the original CD-Bonn, and

other tuned potentials. The fixed points, also with an negligible dependence on

kF , are found to be 2.15fm−1, 2.25fm−1 and 2.4fm−1 respectively for CD-Bonn

potentials of scattering lengths −9.8fm, −18.9fm (the original CD-Bonn), and

+21.01fm. The above fixed-point Λ’s have been used for the results presented

in Figs.3.3-3.5.

Of great significance is the ratio of the ground state energy to that of the

non-interacting case, namely E0/E
free
0 . At the unitary limit, it is expected

to be an universal constant, named ξ. This constant is of great importance

as it determines the equation of state of all low-density cold Fermi gas. At

the unitary limit, our data on E0/E
free
0 all lie within a narrow window from

0.437 to 0.448. Such result confirms a universality over Fermion density in

a wide range (1.73 − 11.40) × 10−2fm−3. Most importantly, the numerical

value of ξ is remarkably close to that from Monte Carlo methods, which by

far is believed to be the best estimate. Astra et. al. obtained 0.42(1) based

on a square well potential and particle density nR3
0 = 10−6 (where R0 is the

potential range). Carlson et. al. obtained 0.44(1) based on a ‘cosh potential’,

and particle density nµ−3 = 0.020 (where 2/µ is the effective range). In our

case, nΛ−3 = (1.4 − 9.4) × 10−3 (where Λ = 2.3fm−1 is the decimation scale

in the renormalization). These works, including ours, employ very different
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Figure 3.6: Determination of the fixed point where dE0/dΛ = 0 for CD-Bonn-
∞.

interactions and various particle densities. Still, the value of ξ agrees incredibly

well.

In Fig.3.4 we contrast the data from CD-Bonn-∞ with that from the orig-

inal CD-Bonn and other tuned potentials. Even though the 1S0 scattering

length in the original CD-Bonn is already fairly large (as = −18.97fm) , still

the equation of state, as predicted from the ratio E0/E
free
0 , has significant dif-

ference from the unitary limit. As seen in our data with CD-Bonn-∞ potential,

at the unitary limit the ratio E0/E
free
0 = 0.44 is practically independent of

the underlying neutron density n.
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3.4.3 Comparison with G-matrix results

As discussed in section 3.2, our ring-diagram calculations are based on a

model space framework. A model-space is defined by momentum {k ≤ Λ}
where Λ is the decimation scale. The space with k > Λ is integrated out,

resulting in a model-space effective interaction Veff . We have used so far

the energy-independent Vlow−k for Veff . Alternatively, on can also use the

energy-dependent GM -matrix (of section 3.2) as Veff . These two approaches

are formally equivalent. We have carried out calculations to check this equiv-

alence.

We have repeated the ring diagram summation with the energy-independent

Vlow−k replaced by the energy-dependent model-space Brueckner GM -matrix,

and carry out a fully self-consistent computation in summing up the pphh

ring diagrams. The exact procedures in Ref.[68] are followed (section 3.2).

Ring diagrams within a model space up to a cut-off momentum Λ is summed

to all orders. We found that the ground state energy is rather insensitive

to the choice of Λ. See Fig.3.7 for the data of CD-Bonn-∞ and CD-Bonn(-

18.97), done with Λ = 2.3fm−1, 2.25fm−1 respectively. As illustrated, the two

methods, namely, ring diagram summation with Vlow−k and that with GM -

matrix, are fully consistent. This is a remarkable and reassuring result, as

the calculational procedures of them are vastly different. For the GM case,

the s.p. spectrum, the RPA amplitudes Y and energies ω−m are all calculated

self-consistently, while for the Vlow−k case no such self-consistent procedures

are needed. Clearly the Vlow−k ring-diagram method is more desirable.
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Figure 3.7: The ratio E0/E
free
0 for the potentials CD-Bonn-∞ and CD-Bonn(-

19.87) computed with two methods. Ring w/ G-mat: pphh ring diagrams
summation with Brueckner GM -matrix. Λ = 2.3fm−1 is used, computation
is fully self-consistent. Ring w/ Vlow−k: pphh ring diagrams summation with
Vlow−k, fixed point is at Λ = 2.3.

3.4.4 Schematic effective interaction at unitary limit

At the unitary limit, the simple equation of state E0 = ξEfree
0 in neutron mat-

ter suggests a very counter-intuitive nature in the underlying system: strongly

interacting fermions essentially can be described by a non-interacting picture

with an effective mass. This unexpected ‘simplicity’ can best be captured

by a schematic interaction. To illustrate this, let us consider neutron matter

confined in a closed Fermi sea |Φ0(kF )〉. In other words, we consider neutron
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matter in a one-dimensional model space. We denote the effective interaction

for this model space as VFS. Then the potential energy per particle is

PE

A
= 〈Φ0(kF )|VFS|Φ0(kf )〉/A

=
8

π

∫ kF

0

(
1− 3k

2kF

+
k3

2k3
F

)
〈k|VFS|k〉k2dk (3.25)

where k is the relative momentum.

Suppose we take VFS as a contact effective interaction

VFS =
1

S
as
− 2

π
kF

(3.26)

(~ = m = 1) where S is a positive parameter with S ¿ |as|. When S=1 and

kF replaced by Λ, VFS is the same the effective interaction for the pion-less

effective field theory [54, 92]. Substituting the above into Eqn.3.25 gives

ξ = 1 +
5

9

1
π
2

S
askF

− 1
. (3.27)

At the unitary limit (infinite as), the above gives ξ=4/9, independent of

kF , which is practically the same as the result for ξ(-12070) of Fig.3.4. The

above also gives ξ for finite as. At the unitary limit, we expect VFS to be

unique. For finite as (away from the unitary limit), it is not expected to be

unique and the parameter S is expected to depend on the underlying potential.

As shown in Fig.3.4, we have calculated ξ using the CD-Bonn potentials of

finite scattering lengths. These results can also be qualitatively described by

the above equation. For instance, for S = 1.25 and kF = 1.0, the above
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equation gives ξ= 0.54, 0.50 and 0.39 respectively for as=−9.87fm, −18.97fm

and +21.01fm. In short, certain main features of our results obtained from

ring-diagram calculations with the CD-Bonn potentials can be qualitatively

reproduced by the above simple contact effective interaction.

3.5 Conclusion

We have carried out a detailed study on neutron matter at and close to the

unitary limit with a low-momentum ring diagram approach. By slightly tun-

ing the realistic CD-Bonn potential, we have obtained 1S0 neutron poten-

tials of specific scattering lengths, in particular the CD-Bonn-∞ giving as of

−12070fm. By integrating out the high-momentum components beyond a dec-

imation scale Λ, we obtain renormalized low-momentum interactions Vlow−k for

the corresponding tuned potentials. The ground state energy E0 of neutron

matter are then calculated by summing up the pphh ring diagrams to all orders

within the model space {k < Λ}. A fixed-point criterion is used to determine

the decimation scale Λ. Vlow−k is energy- independent, similar calculations

employing another renormalized interaction, namely the energy-dependent G-

matrix, give almost identical results. The Vlow−k ring-diagram method has a

simpler formalism and is also more suitable for numerical calculation. For the

CD-Bonn-∞ potential, the ratio E0/E
free
0 is found to be almost a constant

of 0.44 over the neutron density range (1.73 − 11.40) × 10−2fm−3. Our re-

sult agrees well with the recent experimental measurement and Monte-Carlo

computation on cold Fermi gas at the unitary limit.
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Chapter 4

Renormalized atomic

interaction and quadrupole

excitations of cold Fermi gas

near Feshbach resonance

4.1 Introduction

Elementary excitations has served as a powerful tool for probing fundamental

properties of cold quantum gas, especially fermionic ones. As mentioned in

earlier Chapters, in cold alkali gas experiments the effective atomic interactions

can be controlled via the mechanism of Feshbach resonance[6–8]. As the atomic

attraction is tuned up trapped cold Fermi gas can be made to undergo a BCS-

BEC crossover meaning the wavefunction of the system evolves smoothly from

the BCS-type to the BEC-type[4, 5]. Accompanied with such a crossover is a
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change in collision dynamics and the overall equation of state. Measurements

of low-lying collective excitations can enrich our understanding of the crossover

from these aspects.

To understand the experimental results of collective excitations in trapped

cold alkali gas one must start with the geometry of the traps. They are elon-

gated with cylindrical symmetry, namely of a cigar shape. Apart from the

simple sloshing modes (center-of-mass oscillations), there are three elemen-

tary collective modes: one axial mode and two radial modes. The axial mode

corresponds to an oscillation of the length of the ‘cigar’. The radial breathing

mode is a compression mode associated with an oscillation of the radius of the

‘cigar’. Finally, the radial quadrupole mode is a pure surface oscillations. See,

for example, Ref.[74] for details for these excitation modes.

In order to predict the frequency of the above excitations, it is necessary

to identify two distinct regimes throughout the BCS-BEC crossover. The col-

lisionless regime, as the name suggested, represents the collision-suppressed

dynamics in a weakly interacting degenerate Fermi gas at low temperature.

The suppression of elastic collision is a result of Pauli blocking, since elas-

tic scattering will not be possible if the final state is already occupied. The

oscillations frequencies are essentially determined by the trap frequency. The

hydrodynamic regime refers to the either the superfluid hydrodynamic behavior

expected in a strongly interacting cold Fermi gas below the critical temper-

ature, or the usual collisional hydrodynamic behavior above that. Collective

mode frequencies must be solved based on the hydrodynamical equation of

motion. A good review of related theories can be found in Ref. [75]. It

is worth pointing out that, both below and above the critical temperature
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strongly interacting cold Fermi gas obey the same hydrodynamic equations,

therefore observation of hydrodynamic behavior in experiment cannot by itself

distinguishes between the two.

Collective excitations of trapped cold alkali gas has been measured. Close

to the Feshbach resonance, the measured frequency of the radial compression

mode is in excellent agreement with that from a superfluid hydrodynamic

theory[22, 26]. However, at a magnetic field greater than the resonance posi-

tion, namely, on the BCS-side of the resonance, a sharp increase in frequency

accompanied with a large decay rate is observed, signalling a ‘breakdown’ of

the hydrodynamic regime. Similar ‘breakdown’ was also observed in the ra-

dial quadrupole mode [27], but not in the axial mode[25]. These experimental

findings suggest interesting physics as a cold Fermi gas ‘transits’ from the hy-

drodynamic to the collisionless regime. Intuitively, as the system ‘enters’ the

collisionless regime an increase in relaxation time is expected owing to the

suppression of collisions. An accurate theoretical determination of the damp-

ing rate is still the subject of current research (see Ref. [76] and references

therein).

Motivated by the above experiments, we have carried out a microscopic

study for the quadrupole excitations of a model trapped cold Fermi gas at zero-

temperature, aiming primarily at the transitional and collisionless regimes. We

shall use a particle-hole Green’s function framework which has been commonly

used in nuclear physics [77–79]. When applying this method to nuclear sys-

tems, nucleons are placed in an oscillator well and particle-hole excitations are

treated to all orders using either the Tamm-Dancoff or random-phase approx-

imations, commonly referred to as TDA and RPA respectively. We shall use
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a similar approach for the above gas system. For simplicity, our calculation

is done with a harmonic trap instead of the elongated traps as used in real

experiments. Our calculation result indicates a sharp increase in frequency

and damping rate in the transitional regime.

In the following, we shall first briefly describe the model space particle-

hole Green’s function method [78] which we shall employ. We shall use a

small model space for the particle and hole orbits in solving the RPA/TDA

equations, and hence the vertex functions have to be renormalized so that

the contributions from orbitals outside the model space can be included. This

renormalization leads to the reaction matrix interaction which we shall discuss

in Section 4.3.

At low temperature and low particle density, the simple contact interaction

4π(~/m)asδ(r) is often used as an effective interaction for cold Fermi gas[80–

83]. Such model interaction is suitable for weakly interacting system, where

as is small. At crossover region when as → ∞, this interaction becomes

divergent. In such case the contact interaction must be first renormalized

(or tamed) before input to microscopic calculation. We shall discuss that the

well known Brueckner reaction matrix method, which has been widely and

successfully used in nuclear matter [87–89] and finite nuclei [90], is very useful

in this regard. We shall use this method to derive a renormalized atomic

interaction which is smooth and well behaved at the Feshbach resonance. Our

results together with some calculational details will be reported and discussed

in the last section. A summary will also be presented.
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4.2 Model space particle-hole Green’s func-

tion method

In this section we briefly describe the model space particle-hole (ph) Green’s

function method [78] for calculating the quadrupole excitations of cold Fermi

gas. We consider atoms as spin 1/2 fermions confined in a spherical har-

monic oscillator potential of oscillator spacing ~ωosc and oscillator length aosc =
√
~/mωosc. We shall use ~ωosc and aosc respectively as the units for energy

and length.

We treat the trapped gas as a closed shell system of NF closed shells. For

example, the NF = 6 system has 112 atoms and in its unperturbed ground

state the lowest 6 oscillator shells are completely filled. The excitation energies,

denoted by En, of the system are calculated by solving the ph RPA equation

[78, 79]

AXn + BYn = EnXn,

−B∗Xn − A∗Yn = EnYn. (4.1)

Here A represents the sum of the unperturbed ph energy gap and the TDA

vertex function, namely

A(ph, p′h′) = (εp + S(p)− εh − S(h))δph,p′h′ + Σ(ph, p′h′), (4.2)

where S denotes the one-body vertex function and Σ the two-body ph vertex

function. They are composed of irreducible diagrams as illustrated in Fig. 4.1.
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Figure 4.1: Diagrams for one- and two-body vertex functions. The dotted line
vertex represents a V interaction.

Here each dashed-line represents the vertex of the effective atomic interaction

V . Note that the diagrams are time ordered with retarded single particle

propagators [78]. B denotes the ground-state correlation vertex, whose dia-

grammatic structure is also illustrated in Fig. 4.1. All the diagrams contained

in the vertex function must be irreducible in the sense that any intermediate

state of such diagrams must be orthogonal to the ph model space [78].

The transition amplitudes X and Y of Eqn. 4.1 are

Xn(ph) = 〈Ψn|a†pah|Ψ0〉 (4.3)

Yn(ph) = 〈Ψn|a†hap|Ψ0〉, (4.4)
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where Ψn and Ψ0 represent the nth excited- and ground-state wave functions

respectively. When the ground state correlation vertex B is suppressed, Eqn.

4.1 becomes the TDA equation. We consider that the atomic gas is trapped by

a harmonic oscillator potential. Thus ε of Eqn. 4.2 is the harmonic oscillator

single particle energy.

In carrying out the RPA/TDA calculations, a restricted model space near

the Fermi surface is employed. We use a hole space consisted of three major

shells immediately below the Fermi surface, namely shells NF to (NF −2), and

for particles one major shell immediately above. The external lines p, h, p′ and

h′ of the vertex function diagrams of Fig. 4.1 are all confined in this space.

That we use a restricted model space requires a model-space renormalization,

so that the effects from the orbitals outside the model space are taken care

of. The inclusion of the higher order diagrams in the vertex functions is for

this renormalization purpose. As an example, let us consider the third or-

der diagrams of Fig. 4.1. They all have a common “ladder” structure, with

repeated interactions between a pair particle lines. The intermediate states

of them include all the particle states outside the model space, so that our

ph calculation within a small model space have renormalization contributions

from the space outside. As discussed later, this type of “ladder” diagrams can

be summed up to all orders, giving rise to the reaction matrix interaction.

4.3 Separable reaction matrix interaction

In carrying out our microscopic particle-hole calculations, we must first have

an atomic interaction on which our many-body calculation is based. This
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commonly used effective interaction for low temperature and low density cold

quantum gas [80–83] is

V = 4π
~2

m
asδ(r), (4.5)

where m denotes the atomic mass, and as is the s-wave scattering length which

can be tuned across the Feshbach resonance, essentially from −∞ to +∞. The

above is an effective interaction for one hyperfine channel, in the sense that we

consider atoms as of only one hyperfine state with the other hyperfine states

having been integrated out by renormalization. In our calculation we assume

atoms interacting with s-wave interactions only.

The above interaction is clearly divergent at the Feshbach resonance (the

unitary limit) where as → ±∞, and there is difficulty in using it in micro-

scopic calculations. As described in Section 4.2, to carry out the TDA/RPA

calculations, we need first calculate the vertex functions S, Σ and B. As illus-

trated in Fig. 4.1, these vertex functions are composed of irreducible diagrams.

Near the Feshbach resonance, the above atomic interaction is divergent and

consequently every diagram in the figure is divergent; calculation can not go

on unless we use a different approach. This type of difficulty has been well

known in nuclear matter theory and has been overcome by the Brueckner re-

action matrix theory [87–89]. There each vertex of the bare nucleon-nucleon

interaction VNN is nearly divergent because of its very strong repulsive core.

However, the Brueckner reaction matrix G given by the all order summation

of the VNN interactions between a pair of nucleons is finite and well behaved.

We apply a similar reaction matrix approach to our present atomic gas

calculation. Let us consider the diagrams for the one-body vertex function S
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Figure 4.2: First-order R-matrix (wavy-line vertex) diagrams for one- and
two-body vertex functions.

of Fig. 4.1. Clearly they have the structure of a geometric series and can be

summed up to all orders. Let us define a reaction matrix R as

R = V + V
Q

e
V + V

Q

e
V

Q

e
V + ... = V + V

Q

e
R, (4.6)

where e stands for (ω−H0 + i0+) and Q the Pauli exclusion operator. (Recall

that we use time-ordered diagrams with retarded single particle propagators.)

H0 is the unperturbed Hamiltonian for the pair of interacting atoms, and ω

is the starting energy which we shall discuss later. The role of Q is to ensure

that the intermediate states of R must be outside of the chosen model space.

In terms of R, the sum of all the ladder-type diagrams as shown by S(p) of

Fig.1 is now 〈ph|R|ph〉. Similarly the sum for Σ is 〈ph′|R|p′h〉 and for B is

〈pp′|R|hh′〉. We shall include only diagrams first order in R for the vertex

function as listed in Fig. 4.2.

In calculating R, we shall use an angle average approximation [88] for the

Pauli operator, namely Q is approximated by Qav(q, kF ) where q is the relative

momentum and kF is an average Fermi momentum which can be estimated
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by using for example a local density approximation. In addition, we shall use

plane-wave intermediate states and an average starting energy ω. Accurate

methods for calculating the nuclear reaction matrix have been developed [90],

and we plan to use them in a future work. With these approximations, the

above R matrix becomes

R(k, k′, ω) = V (k, k′) +
2

π

∫ ∞

0

V (k, q)
Qav(q, kF )

ω − q2 + i0+
R(q, k′, ω)q2dq, (4.7)

where k, k′, q are the relative momenta.

Let us now consider the above R matrix for the scattering length dependent

potential of Eqn. 4.5. Schematically, R is given by R = V/(1 − V Q/e) and

may have well defined limits as V → ±∞. But how to obtain them accurately

is a difficult task in general, and it may not be feasible to obtain them reliably

using numerical methods. We feel that R has to be solved analytically in

order to obtain the above limits reliably. In this regard, we resort to the

separable potential approach which has been widely used in nuclear physics

[84–86]; the reaction matrix with this approach can be analytically solved.

We shall use a separable potential which corresponds to a simulation of the

potential of Eqn. 4.5 by a short range non-local Yukawa potential of the form

ase
−µre−µr′/(µ2rr′), µ−1 being the range of the interaction and r and r′ the

inter-atomic radial distance. We shall use large µ to simulate short range

potential. In momentum space this potential becomes

V (k, k′) = asαf(k)f(k′); f(q) =
1

µ2 + q2
, α = 8π

~2

m

µ3

aosc

. (4.8)
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With this separable potential, the reaction matrix, which is complex, is

also separable and is obtained analytically as

R(k, k′, ω) = [ηre(µ, ω) + iηim(µ, ω)]f(k)f(k′), (4.9)

with

ηre(µ, ω) =
λ(µ, ω)

D(µ, ω)
,

ηim(µ, ω) =
−λ(µ, ω)2

√
ω

D(µ, ω)(µ2 + ω)2
,

D(µ, ω) = 1 +
ωλ(µ, ω)2

(µ2 + ω)4
,

λ(µ, ω) =
asα

1− asαI(µ, ω)
. (4.10)

Note that ηim = 0 if ω < 0. In the above, I is the integral

I(µ, ω) =
2

π
P

∫ ∞

0

Qav(k, kF )

(ω − k2)(µ2 + k2)2
k2dk, (4.11)

where P denotes principal value integration.

It is readily seen that R has well defined limits as as → ±∞. Only the

factor λ of Eqn. 4.10 is dependent on as, and at the above limits it becomes

λ±∞(µ, ω) =
−1

I(µ, ω)
. (4.12)

Thus our R-matrix has a common well defined limit at the Feshbach resonance,

being the same whether as → +∞ or as → −∞.

For dilute systems, kF should be small. We have calculated the above R
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matrix for several values of kF , and found that the results for R calculated

with kF ranging from 0 to 1 are quite close to each other. For the case of

kF = 0 and ω > 0, the integral of Eqn. 4.11 becomes

I(µ, ω) =
ω − µ2

2µ(ω + µ2)2
, (4.13)

which is only weakly energy dependent if ω is much smaller than µ2. Thus our

R-matrix interaction is nearly energy independent for cold (small ω) dilute

(small kF ) system with a short-range (large µ) interaction.

4.4 Results and discussion

We now describe some details about our calculations for the energy and decay

width of the quadrupole excitation. They are obtained from the solutions of

the RPA/TDA Eqn. 4.1, using the vertex functions given by the diagrams

of Fig. 4.2. These diagrams are calculated from the R-matrix interaction,

using the methods detailed in [90]. Since R is complex, Eqn. 4.1 is now a

complex equation and its eigenvalues En are generally complex. We write En

as (ReEn − iΓn), with the decay width given by Γn. In Fig. 4.3 we present

results for the lowest 2+ state of an NF =8 (240 atoms) model system, using

parameters kF =0.3, ω=1 and µ=20. (We have also calculated NF =6 and 7

systems, with results both being highly similar to those of NF = 8.) These

parameters should be suitable for cold dilute systems interacting with a short

range interaction. The above choice has the advantage of making R-matrix

weakly energy dependent as we have µ2 >> ω. As shown, our calculated
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Figure 4.3: Energy and decay width of the quadrupole excitation.
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energy at Feshbach resonance (FR) is about 1.7 ~ωosc with nearly zero width,

both being smooth functions there.

The shapes of our calculated spectrum and decay width are worth noting.

Starting from the left end of Fig. 4.3, ReE exhibits a gradual drop followed

by an abrupt rise and finally remains nearly constant. At both ends, ReE

approaches to 2. Most importantly, the decay width Γ is peaked concurrently

with the abrupt rise, both happening right at aλ. These specific features of

our results agree remarkably well with experiments on the radial compression

model [22, 25] and the radial quadrupole model[27] in trapped cold 6Li gas.

The above abrupt rising feature is mainly due to the R-matrix interaction.

The factor λ of Eqn. 4.10 has a pole when as equals to aλ = −1/(αI). It

is readily seen that at aλ the imaginary part of the R matrix is peaked with

a Lorentzian form, while its real part vanishes. In addition, R is positive to

the left of (−aosc/aλ), and negative on the other side. These properties of

R determine the general shapes of our results. For small kF and ω, aλ is

close to aosc/4π. In fact for kF =0 and ω = 0, aλ is exactly equal to aosc/4π,

independent of µ. As shown in the figure, the abrupt rising takes place very

close to 4π. We note that RPA and TDA give nearly identical results far

from aλ. Near aλ, ReE for RPA tends to negative indicating the system being

unstable.

Last but not least, Γ is discontinuous at aλ as shown. We have found that

the wave functions X and Y of Eqn. 4.1 are also discontinuous at aλ. Such

unusual features deserves further investigation.
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4.5 Conclusion

In summary, we have carried out a particle-hole shell model calculation for the

quadrupole excitations of a model cold Fermi gas trapped in a harmonic poten-

tial. An essential step is the use of a reaction matrix renormalized interaction.

Using a separable potential approach, this interaction has been derived analyt-

ically and it is a smooth function at Feshbach resonance although the atomic

interaction before renormalization is divergent there. Our results demonstrate

that, in between the hydrodynamic and collisionless regimes, trapped cold

Fermi gas undergoes a transition with abrupt variations in both energy (fre-

quency) and decay width (damping rate), in qualitative agreement with ex-

periments in cold alkali gas on the radial compression mode and the radial

quadrupole mode.
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Chapter 5

Brueckner reaction matrix and

its application to cold Fermi gas

at the unitary limit

5.1 Introduction

At the unitary limit, cold Fermi gas should exhibit universal behavior in a

sense that physical properties of the gas are independent on the underlying

two-body interaction. Such universality has been introduced in Chapter 1 of

this dissertation.

In Chapter 3 we presented a study of neutron matter at and near the

unitary limit[41]. Through a manual tuning on the mass of σ meson in the

CD-Bonn potential[40], the bare neutron-neutron interaction is modified to

result in a huge 1S0 scattering length of −12000fm. The total energy per

neutron E0/A is then computed with an infinite-order summation of ring di-
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agrams, and the expected ‘universal’ equation of state at zero temperature

and at the unitary limit, namely, E0/A = ξ(3/10)k2
F (~ = m = 1), is obtained

with ξ = 0.44. Such work is based on a model space approach, where the

bare neutron-neutron interaction properly renormalized with either the low-

momentum potential Vlow−k or the Brueckner G-matrix. The resulting value

of ξ agrees well with results from recent quantum Monte Carlo computations

[38, 39] and experiments on trapped cold alkali gas[32, 35–37].

Brueckner G-matrix has been widely used in nuclear physics. In this Chap-

ter we shall present another study of cold fermi gas at the unitary limit where

the G-matrix is applied. Owing to the hard core singularity and the tensor-

force components, the bare nucleon-nucleon(NN) interaction is unsuitable for

direct input to microscopic calculations. The G-matrix is constructed from the

bare NN interaction through a ladder resummation. Taking into account the

presence of the medium around individual nucleons, the intermediate states in

the ladder summation are restricted to particles states only. In other words,

apart from the binary scattering, the effect of the Pauli exclusion is also taken

into consideration in the construction of G.

The use of G-matrix for an analytical derivation of ξ has been considered

by other authors[92]. These derivations are complicated by the ambiguity in

the starting energy ω. Usually one assume a certain value of ω and obtain

an approximation or a numerical bound for ξ. In this Chapter we carried

out a fully self-consistent zero-temperature Brueckner-Hartree-Fock(BHF)[91]

computation on the total energy for a low-density Fermi gas. In other words,

ω is determined self-consistently and is not a parameter taking on a certain
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value by assumption. At the unitary limit we obtained

EBHF
0

A
= 0.54 · 3

10
k2

F , (5.1)

higher than the result of 0.44(3/10)k2
F from our ring-diagram computation.

According to a recent study of cold Fermi gas with quantum Monte Carlo

method[38], the total energy per particle of the normal ground state at the uni-

tary limit is also 0.54(3/10)k2
F . Our result suggests that a fully self-consistent

BHF approach at the unitary limit well captures the properties of the nor-

mal ground state. To be discussed later, the BHF theory also provide direct

and important physical insights into how the strongly interacting particles at

and around the unitary limit can be described and predicted from a simple

Hartree-Fock picture with an effective interaction.

5.2 Method outline

Let us first outline the essential steps of the Brueckner-Hartree-Fock approach.

The well-known BHF theory [91] has been specifically developed for treating

strongly interacting many-body systems. A central quantity in this theory is

the Brueckner reaction matrix, commonly referred to as the G-matrix. The

BHF theory has been widely used for describing strongly interacting nuclear

systems, including both finite nuclei and nuclear matter. Consider a many

body system with Hamiltonian H = H0 + V where H0 is the unperturbed

Hamiltonian and V a two-body interaction. The ground state energies of H

and H0 shall be denoted as E0 and W0 respectively. In BHF theory, the
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Figure 5.1: Diagrams summed in Brueckner-Hartree-Fock calculation on the
ground state energy.

ground state energy shift ∆E0 ≡ E0−W0 is given by the all-order sum of the

two-hole-line linked diagrams as shown in Fig.5.1. Note that the intermediate

particle lines of these diagrams are all above the Fermi momentum kF . Note

also that self-energy insertions are included only for the hole lines, as indicated

by the third diagram of the figure. In this way, ∆E0 is obtained by solving

the following set of self-consistent equations:

∆E0 =
∑

a,b≤kF

〈a, b|G(ω = εa + εb)|a, b〉, (5.2)

εa =
k2

a

2
+ 〈a|U |a〉, (5.3)

〈a|U |a〉 =
∑

h≤kF

〈a, h|G(ω = εa + εh)|a, h〉, a < kF (5.4)

= 0, otherwise.
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In the above U is the single-particle potential and ε the self-consistent single-

particle energy.

The in-medium G-matrix is defined by

G(ω) = V + V gB(ω)G(ω); gB(ω) ≡ Q>F

ω −H0

, (5.5)

where the Pauli exclusion operator Q>F is to ensure that the intermediate

states of G are beyond the Fermi surface. In contrast, the reaction matrix R

for the two-particle scattering in vacuum is given by

R(ω) = V + V g(ω)R(ω); g(ω) ≡ P
ω −H0

, (5.6)

where g is the propagator in free space. P refers to Principal Value calcula-

tion. Through Eqn.(5.5) and (5.6), G-matrix can be expressed in terms of the

scattering length as and kF as will be shown in the next section.

5.3 Brueckner G-matrix in low-density systems

The universality of degenerate Fermi gas at the unitary limit have been dis-

cussed in earlier Chapters. The properties of any such system is determined by

the Fermi momentum kF in the same unique way, irrespective of the details of

the underlying two-body potential. Both the low-density condition (small kF )

[16] and a small effective range (re) [60] have been stressed as the necessary

criteria for universality.

The Brueckner G-matrix of a low-density Fermi gas, when expressed in

terms of the scattering parameters (as and re) and kF , indeed acquires a simple

77



and ‘universal’ form as long as kF ¿ µ where µ denotes the range of the two-

body interaction in k-space. To illustrate this we shall employ an exactly

solvable model. Suppose

V (k, k′) = V0, k, k′ ≤ µ

= 0, otherwise. (5.7)

where k, k′ are relative momenta. The momentum space integral equation for

the reaction matrix R is

R(k, k′, ω)) = V (k, k′) +
2

π
P

∫ ∞

0

V (k, q)
1

ω − q2
R(q, k′, ω0)q

2dq. (5.8)

The above equation can be readily solved for s-wave and the scattering length

is determined by the potential strength V0 and the potential range µ by

1

as

=
1

V0

+
2µ

π
. (5.9)

Similarly, the Brueckner G-matrix can first be solved in terms of V0, and

then expressed in terms of as through the above relation. For positive energies

ω = k2
0 > 0, we have the exact solution

G(k, k′, ω) = G0, k, k′ ≤ µ

= 0, otherwise, (5.10)
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with

G0 =
1

1
as
− 2

π
kF − 2

π
k0

2
ln (µ+k0)(kF−k0)

(µ−k0)(kF +k0)

. (5.11)

Obviously, if kF ¿ µ, the length scale µ drops out and leaves

G0 =
1

1
as
− 2

π
kF + 2

π
k0 tanh−1( k0

kF
)
. (5.12)

Within a self-consistent approach, ω is not a free parameter but has to be de-

termined by a self-consistent procedure. Thus the Brueckner G-matrix above

is only determined by as and kF . At the unitary limit where a−1
s = 0, kF is

the only length scale left.

More generally, for an arbitrary potential V , the G-matrix is related to the

R-matrix through the relation

G(ω)−R(ω) = R(ω) (gB(ω)− g(ω)) G(ω). (5.13)

For a sufficiently low density kF ¿ µ, the low-momentum components of G

and R can be safely taken as constant while the high-momentum components

are exactly canceled through (gB − g). We thus have an expression for the

G-matrix for such low-density systems, denoted by Glow−ρ as follows:

Glow−ρ(ω) =
1

1
R(ω)

+ 2
π
(−kF + k0 tanh−1(k0/kF ))

(5.14)

R(ω) can be expanded through the effective range approximation

− 1

R(ω)
= − 1

as

+
1

2
reω + · · · (5.15)
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Under the assumption of a small effective range re, one can see that Glow−ρ

simply reduces to the expression G0 as derived from a model interaction.

The derivation for negative energies ω < 0 are similar. In summary, the

form of the G-matrix for low-density systems with a negligible effective range

is

Glow−ρ(ω)

=
1

1
as
− 2

π
kF + 2

π
k0 tanh−1( k0

kF
)

ω = k2
0 > 0

=
1

1
as
− 2

π
kF + 2

π
κ0 tan−1( κ0

kF
)

ω = −κ2
0 < 0. (5.16)

(Through the relation tanh−1(ix) = i tan−1(x), the two expressions reduce to

one if the tanh function is taken as complex.)

Mathematically, the quantity Glow−ρ(ω) has a very simple structure. Physi-

cally, it is particularly useful to illustrate the interplay of different length scales

like as, kF and re in the effective interaction between individual particles in

the vicinity of the unitary limit.

Alternatively, at the unitary limit, the dropping out of the length scale as

and the universality can also be understood through the relation between the

Brueckner G-matrix and the wave function of the quasi-bound state ψ0. It can

be easily shown that

G(a−1
s → 0) ' |χ0〉〈χ0|

〈χ0|g − gB|χ0〉 , (5.17)

where |χ0〉 ≡ H0|ψ0〉. The zero-energy wave function ψ0 is ‘everywhere flat’

outside the range of the interaction, thus the low-momentum parts of χ0 is
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practically independent of the underlying potential.

In the next section, we shall apply Glow−ρ in a fully self-consistent BHF

computation to obtain the total energy of a cold Fermi gas. As we shall see

below, the calculation with Glow−ρ takes on a very simple form owing to the

simplicity in Glow−ρ itself.

5.4 Self-consistent BHF computation

We shall compute the total energy per particle EBHF
0 /A for a two-species

degenerate Fermi gas at zero temperature using the Brueckener-Hatree-Fock

method. The computation is based on Glow−ρ(ω) which is the Brueckner G-

matrix derived under a low-density condition and the assumption of a negli-

gible effective range.

Around the unitary limit a−1
s = 0, one can expand EBHF

0 in powers of the

small parameter (askF )−1, giving

EBHF
0

Efree
0

= a0 − a1

askF

− a2

(askF )2
+ O(

1

(askF )3
) (5.18)

where Efree
0 is the total energy in a two-species non-interacting Fermi gas. The

expansion coefficients a0, a1, and a2 et.al. are universal in the sense of being

independent of the underlying two-body potential.

In BHF theory, the potential energy can be obtained by summing up the

matrix elements 〈k1,k2|G(ω) |k1,k2〉 for all k1,k2 inside the Fermi sphere,

with ω to be determined through a self-consistent procedure. As mentioned,

for low-density systems with a small effective range, one simply need the low-
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momentum components of G. Therefore, one can use Glow−ρ in place. Also,

around the unitary limit where as is huge, we can consider the contribution

from s-wave only. Expressed in terms of the relative (k) and center-of-mass

(K) momenta, the potential energy per particle is simply

PEBHF

A
=

3

8πk3
F

2

π

∫ kF

0

∫

R
Glow−ρ(ω)k2dKdk (5.19)

, where k = |k|, and R is the appropriate integration region for the center-of-

mass K. Glow−ρ(ω) is in the basis of the spherical Bessel functions and this

explains the 2/π factor. The integration with respect to K introduces the

factor

...

∫

R
dK... = ...8 · 4πk3

F

3

(
1− 3k

2kF

+
k3

2k3
F

)
... (5.20)

The potential energy is then be readily obtained with any trial value of ω.

As from Eqn.(5.16), the energy-dependence of Glow−ρ(ω) comes from the

tanh function in the denominator. This makes Glow−ρ(ω) a slowly varying

function in the neighborhood of ω = 0. Fig.5.2 shows a plot of Glow−ρ(ω)

particularly at the unitary limit a−1
s = 0. It may seem reasonable to simplify

the calculation by taking the so-called ‘low-energy’ limit ω = 0. However, as

to be discussed later, the self-consistency procedure is indeed very crucial and

the final result will differ significantly from simply setting ω = 0 throughout.

To incorporate a self-consistent BHF computation, we follow standard pro-
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Figure 5.2: Glow−ρ(ω) in unit of k−1
F . The energy ω is normalized by k2

F .

cedures used in nuclear physics. The single-particle energies are given by

ε(k) =
k2

2
+

16

π

∫ kF−k

2

0

k′2G(ω)dk′

+
8

π

∫ kF +k

2

kF−k

2

k′2
(

1− k′2 + k2/4− k2
F /4

kk′

)
G(ω)dk′

k < kF

=
8

π

∫ k+kF
2

k−kF
2

k′2
(

1− k′2 + k2/4− k2
F /4

kk′

)
G(ω)dk′

k ≥ kF . (5.21)
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where the factors comes from the angular integrations. The effective mass m∗

is defined by a quadratic fit on ε(k), namely

ε(k) =
k2

2m∗ + ∆. (5.22)

The self-consistency requires

ω =
k2

m∗ + 2∆ +
K2

4
(

1

m∗ − 1). (5.23)

The last term above comes from the center-of-mass energy, and is treated with

a standard center-of-mass averaging that gives

K2
av

4
=

3
5
k2

F

(
1− k

kF

)(
1 + k

2kF
+ k2

6k2
F

)

1 + k
2kF

. (5.24)

Eqn.(5.21),(5.23) and (5.19) are iterated until convergence is reached. Our

primary interest is the region around unitarity, therefore a small neighbor-

hood around a−1
s = 0 is used, with various choices of kF . Notice that in

this work, both a−1
s and kF are in an arbitrary length unit. In our computa-

tions, the convergence rate is fast. Fig.5.3, 5.4 and 5.5 shows the results for

kF = {1.0, 2.0, 5.0, 8.0, 10.0} over the range a−1
s ∈ [−0.2, 0.2]. The universality

at the point a−1
s = 0 is particularly clear from the plot Fig.5.3 and 5.4.

At the unitary limit, namely a−1
s = 0, we get m∗ = 1.13, ∆ = −0.81εF

and EBHF
0 = 0.54Efree

0 , where where εF = 3
5

k2
F

2
is the energy per particle in

a two-species free Fermi gas. From a quantum Monte Carlo study[38], the

ground state energy of a two-species Fermi gas at the unitary limit is also
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Figure 5.3: Self-consistent BHF computation results for the ground state prop-
erties of a two-species fermion system over the range (askF )−1 ∈ {−0.02, 0.02}.
Note that both as and kF are in an arbitrary length unit.

0.54Efree
0 with trial wave-functions being Slater determinants. This excellent

agreement shows that the self-consistent BHF theory with Glow−ρ well captures

the properties of the normal ground state of all cold Fermi gas at the unitary

limit.
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Figure 5.4: Self-consistent BHF computation results for the ground
state energy of a two-species fermion system over the range (askF )−1 ∈
{−0.02, 0.02}.Note that both as and kF are in an arbitrary length unit.

To obtain the higher-order expansion coefficients a1 and as in Eqn.5.18,a

least-square fitting is done on the 105 data points in Fig.5.4 with a fitting curve

EBHF
0 /Efree

0 = a0− a1

askF
− a2

(askF )2
. We got a0 = 0.54, a1 = 0.44 and a2 = 0.31.

The fitting curve and the data points are plotted together in Fig.5.5.

The single-particle spectrum ε(k) at the unitary limit is of much interest.

Within the BHF formalism, the spectrum is self-consistently determined. In

Fig.5.6 we plot the fully converged spectrum for the case kF = 1.0 and a−1
s =

0. Notice that the spectrum ε(k) is well described by the quadratic relation
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Figure 5.5: The data in Fig.5.4 is plotted here with a fitting curve
EBHF

0 /Efree
0 = a0 − a1

askF
− a2

(askF )2
.

ε(k) = k2

2m∗ + ∆ as in Eqn.5.22.

As mentioned, at the unitary limit we obtained an effective mass m∗ =

1.13(~ = m = 1) slightly larger than the bare mass m. However, in the unit

of the energy per particle in a free gas εF = 3
5

k2
F

2
, we got ∆ = −0.81εF which

is comparable to εF . In Fig.5.6 we normalize the single-particle energy ε with

the energy scale k2
F .
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2m∗ + ∆. Notice that
ε(k) is normalized by k2

F .

5.5 Brueckner G-matrix at the unitary limit

as a schematic effective interaction

As pointed out in Chapter 3, the equation of state of cold Fermi gas at or close

to the unitary limit can be reproduced by a schematic effective interaction of

the form

VFS =
1

S
as
− 2

π
kF

(5.25)
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(~ = m = 1) where S is a positive parameter satisfying S ¿ |as|. By direct

observation such effective interaction looks highly similar to the expression

Glow−ρ(ω = 0). Recall that

Glow−ρ(ω = 0) =
1

1
as
− 2

π
kF

. (5.26)

Obviously it is only determined by two length scales, namely as and kF . The

appearance of kF in expression comes from the Pauli operator. Within the

BHF formalism or the model space ring-diagram computation presented be-

fore, ω is not a free parameter and must be consistently determined. Nonethe-

less, by direction observation Glow−ρ(ω = 0) as an effective interaction at

the unitary limit can indeed reproduce the expected equation of state with a

simple Hartree-Fock picture. More quantitatively, assuming that only s-wave

contributes (true at the unitary limit), the potential energy of a cold Fermi

gas with a contact interaction given by Glow−ρ(ω = 0) can be computed easily:

PE

A
=

2

π

k3
F

6

1
1
as
− 2

π
kF

(5.27)

which is also equivalent to

PE

KE
=

10kF

9π

1
1
as
− 2

π
kF

. (5.28)

It follows then the total ground state energy is

E

E0
free

=
4

9
− 5π

18

1

askF

− 5π2

36

1

(askF )2
+ O(

1

(askF )3
. (5.29)
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At the unitary limit where 1/as = 0, the total energy extracted equals 4Efree
0 /9,

surprisingly close to the value of 0.44Efree
0 from our ring-diagram summation

method. It would be of much interest if one can show via rigorous derivations

that an all-order particle-particle hole-hole ring-diagram summation at the

unitary limit can be ‘reduced’ to a simple first-order Hartree-Fock sum with

an effective interaction of Glow−ρ(ω = 0) .

5.6 Conclusion

In this Chapter, we studied the ground state properties of a two-species cold

Fermi gas with a fully self-consistent Brueckner-Hartree-Fock(BHF) approach.

Under the assumption of a low density and a small effective range, the to-

tal energy per particle EBHF
0 /A is found to be an universal expression of

0.54(3k2
F /10) at the unitary limit. The single-particle spectrum is determined

to be ε(k) = k2/(2m∗)+∆ where m∗ = 1.13 and ∆ = −0.81(3k2
F /10)(m = ~ =

1). Our result is in excellent agreement with the result from quantum Monte

Carlo method on the normal ground state at the unitary limit[38], which also

gives 0.54(3k2
F /10).
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Chapter 6

Summary

In this dissertation we studied cold Fermi systems at and close to the unitary

limit. Such strong interacting systems can be experimentally explored with

trapped cold alkali atoms. Making use of magnetic field induced Feshbach

resonances, experimentalists managed to tune the interactions between two

different spin states, turning trapped cold atoms into unique many-body sys-

tems with tunable interactions. Close to a Feshbach resonance, the scattering

length as of cold atoms can be tuned through a wide range, essentially from

−∞ to ∞. Low-density cold Fermi gas with an infinite scattering length is

of particular interest, often described as at the ‘unitary limit’, these systems

are predicted to have universal properties. More specifically, their properties

should be determined only by the density or the Fermi momentum kF , and

become independent of the underlying two-body interactions.

At the unitary limit, the universal equation of state at zero-temperature

of cold Fermi gas can be shown to be E0 = ξEfree
0 where Efree

0 is the energy

of a free Fermi gas. We have calculated the universal constant ξ with neutron
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matter. Starting from the meson-exchange CD-Bonn potential, we constructed

neutron-neutron potentials with various 1S0 scattering lengths such as as =

−12070fm and +21fm. At the limit of as → ±∞, our calculated ratio of E0 to

that of the non-interacting case is found remarkably close to a constant over a

wide range of Fermi momenta. Our results confirms the expected universality

in cold Fermi gas and the extracted value ξ = 0.44 is also in excellent agreement

with results from quantum Monte Carlo studies, which were taken as the most

accurate estimate on ξ by far.

In the calculation of E0 we have carried out a model space ring-diagram

summation, in which the low-momentum particle-particle hole-hole ring dia-

grams are summed up to all orders. In such calculation renormalized neutron-

neutron interactions are employed. We have stressed on the advantage of using

the recently developed low-momentum potential Vlow−k over the traditionally

used Brueckner G-matrix in our model space calculation.

We have also studied the collective excitations of cold Fermi gas. The re-

cent measurements on the certain excitation modes reveal a region close to

a Feshbach resonance where a cold Fermi system transits from the hydrody-

namic regime to the collisionless regime. An abrupt rise in oscillation fre-

quency with a large decay rate was observed signifying such transition. With

a model cold Fermi system trapped in a harmonic potential, we performed a

particle-hole Green’s function calculation on a quadrupole excitation. Both the

Tamm-Dancoff and random phase approximations revealed a rise in frequency

accompanied with a large decay width.
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