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1. INTRODUCTION

The physical properties of the liquid alkali metals have allowed

detailed study of their structural and thermodynamic properties

through the formalism of the theory of simple liquids (for an early

review see March [1]). The near spherical Fermi surface of the

conducti6n electrons allows the ions to be thought of as embedded

ABSTRACT
in a uniform neutralising background. Thus the ions are considered

to be a simple liquid interacting via a volume dependent

An extension of the Weeks-Chandler-Andersen perturbation theory,

proposed by Wright and Perram [Chem. Phys. Letts. 66 (1979) 274] is

interionic potential that is repulsive at small separations and

oscillatory at large separations.

appl ied to liquid Na. By neglecting the potential beyond its first The form of the potential ~(r) as predicted by pseudopotcntial

minimum, the structure factor is found to be given accuractely except

in the vicinity of the first peak.

theory (Harrison [2]) may be written

~(r) =~REP(r) + ~LRO(r) (1)

where ~REP(r) refers to the repulsive part which dominates at small

r and ~LRO(r) refers to the long range oscillations which dominate

at large r. The asymptotic form of ~LRO(r) is givcn by

A cos(2kFr + 0)

~LRO(r)~ 3r

Nhere A and 0 are constants, kp is the Fermi wav~number [kp = (3TI2pZ)1/3

(2)

Nhere p is the number density of ions and Z is the valence].

As for the repulsive part there is growing consensus [3,4] that

:or alkali metals ~REP(r) is softer than it is for polyvalent metals

md the rare g~ses. The latter are usually modelled by. a two paraJ1\eter
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Lennard-Jones potential for \-,hich <PREp(r) '\, l/rl2 small r. However, In Section II we give the salient equations of the perturbation

Hansen and Schiff [5,6] on the basis of static structural properties theory adopted by us within the context of the parametric reference

suggest that a more appropriate form for liquid sodium is system introduced in an earlier paper by Perram and Wright [15]

<PREP(r) '\, l/r4 small I' (hereafter referred to as I). In Section III we conclude with a

In the case of Rubidium this degree of softness is also present as discussion of our results for liquid Na at 100°C for the liquid

shown in the elegant work of Rahman [7] and Mountain, et al. [4,8].
sodium potential used by Murphy and Klein in their accurate simula-

Their molecular dynamics simulations using the Price potential [9]
tion study [16].

indicate that liquid Rb supports sound modes of wavelengths as low as

1.25 times the equilibrium separation of the ions, in good agreement II. COMPUTATIONAL METHOD

with the experimental results [10]. In contrast the molecular dynamic

results of Levesque [11] show that the Lennard-Jones fluid supports
In this section we describe the method used to calculate the

sound modes of wavelength no smaller than 5 times the equilibrium
structure factor for a fluid system in which the pair potential is

separation, in good agreement with experiments on the rare gases [12].
purely repulsive. Specifically we are interested in the repulsive

Mountain, ~~. [4,8] trace this difference in dynamic properties to
force part of the liquid sodium potential from zero separation to

differences in the repulsive parts of the pair potentials.
its first minimum at I' = R = 3.824 A.m We adopt the WCAtheory

This observation is important in that it is now relatively well
[13,14] which begins by writing the potential as

established that at high density much of the liquid structure is <p(r) = u(r) + w(r) (3a)

determined by repulsive forces between the particles. This assumption where

underlies the Weeks, Chandler, Andersen (WCA) perturbation theory

[13,14], which is successful in predicting high density structure for
u(r) = <p(r) - <P(Rm)

I'< Rm

harshly repulsive potentials. In this paper we examine the applica-
=0 I' > Rm (3b)

bility of the WCAtheory to a liquid alkali metal (i.e., Na) for The essential point of the WCA'theory is that at high densities, all

which 9REP(r) is quite soft. the structural properties of a fluid interacting via the potential

(3a) are, to a good quantitative approximation, given by the corres-

ponding properties for a fluip interacting via the potential (3b)

\
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alone. The next step in the II'CA theory is to relate the structural

properties of a fluid interacting via the truncated potential u(r)

to those of a reference system. (See ref. [13] for a detailed

review.) The subscript "0" is used for reference system quantities.

A functional Taylor's expansion for the correlation function

y(r) = g(r)exp(Su(r)) [where g(r) is the radial distribution function,

13= l/kT where k is Boltzmann's constant and T is absolute temperature)

in terms of the Boltzmann factor yields

y(r) =YO(r) + O(s2) (4)

The corresponding expression for the structure factor ~(k) is given

by

S(k) =SOCk) + pB(k) (5)

where B(k) is the Fourier transform of B(r), the "blip function",

givenby

-Suer) -SuO(r)
B(r) =YO(r)[e - e ]

where uO(r) is the pair potential for the reference

The error parameter S is defined by

(6)

system.

E.: = J IB(r) Id;

where the integral is over all space,

When implementing Eq. (4) the reference system is to be chosen

so that

13(0)=a (7)

,1 5

The usual reference system used is a hard sphere system with

effective diameter chosen by Eq. (7). For harshly repulsive

potentials this is satisfactory in that the error parameter S which

is a measure of the non-zero width of B(r) is small. However, for

softer potentials the deviation from hard sphere is too drastic and

higher order terms for y(r) containing 3 and 4 body distributions

need to be considered. For example Kumaravadivel and Evans [3J

found that the WCA procedure gave good results for polyvalent metals

but was poor for the softer liquid alkali metals.

To overcome this problem and yet retain the simplicity of the

WCA theory we propose to use the parametric reference system intro-

duced by Perram and Wright in I, We assume that the reference systel'l

total correlation function [her) = ger) - 1] may be written

?

h (r) = -1 + ~
(

sinhAr - 1
)sc coshAR --xr-- r < R (9)

where a, A are parameters to be determined. We use the subscript

"sc" to indicate quantities in our "soft core",reference system.

The value of R provides another condition on the reference system

in that the direct correlation function csc(r), defined by the

Ornstein-Zernike equation, satisfies

csc(r) = a r ;> R (10)

The reference system potential to be used in Eqs. (6) and (7) is then

taken to be the .Percus-Yevick (PY) potential

U-
y (r) =log[l-.c (r)/g (r)]'1' "sc sc (11)



where c (1')on 0 < l'< R is given by (see I for details)sc

rcsc(r) = -q'(r) + ZTIP
rR-r

)0 q(t)q'(t+r)dt
(13a)

where

q(r) = ql (r-R) + ~ qz(rZ - RZ) + q3(sinh\r - sinh\R)

+ q4(cosh\r - cosh\R) (13b)

The parameters qi' i = 1,...,4, are the solutions of a set of simul-

taneous linear equations.

A further modification of the \'ICAtheory that we use when

calculating the structure factor is due to Jacobs and Andersen (JA)

[17] . Considering a partial summation of the higher order terms in

g(r) they suggest that a better approximation to 8(k) than Eq. (4),

provided B(k) is small is

8(k) =§O(k) [1 + Pfi(k)SO(k) + (PB(k)SO(k))Z + ...]

= SO(k)/ll - pB(k)So(k)] (14)

This expression has the advantage of being less sensitive to the

spurious behaviour of B(k) near k = TI/R as dictated by the blip

function.

In their study JA postulated an interionic potential dependent

on several parameters that could be adjusted to enable good fit of

the experimental structure factor around its third peaL Having

found the appropriate parameters they then use an effective hard

(, 7

sphere reference system with diameter d chosen by Eq. (7) to

calculate 5(k) for their potential. They found Eq. (14) to be

satisfactory from the second peak outwards for a wide range of soft

potentials.

For our reference system the structure is known explicitly via

S (k) =11[Q(k) ]Z
. sc (IS)

where

A

i

R ikr
Q(k)=1 - ZTIp e q(r)dr

0
(16)

and q(r) is given by Eq. (13b).

Thus for any given set of Ct, A and R all reference system quan-

tities are known in closed form and may be evaluated readily.

III. RESULTS FOR LIQUID SODIUM

In this section we present the results for liquid Sodium at lOQoc.

The values of Ct, \ were obtained by

i)
requiring continuity of hsc(r) at l' ~ R;

ii) satisfying the "bl ip function" cri torian, Eq. (7)

with the relevant soft core functions replacing

the "0" subscripted functions.

The first condition is satisfied if and only if (see I for details)

q' (R) = 0 (17)

\.
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Eqs. (7) and (17) were satisfied by simple iteration on a and A.

The analyticity of upy(r) and ysc(r) enable rapid evaluation of Eq. (7)

at each step using any simple quadrature. We used Simpson's rule with

200 pts on 0 < l' < R.

Calculations were performed for three different values of R.

numberical values obtained are listed in Table I.

(Table I here)

In Figs. (1) - (3) we compare the structure factors calculated

from Eqs. (15) and (16) using the data of Table I with the experimental

results of Greenfeld, Wellendorf and Wiser [18] (GWW)for the full

liquid sodium potential, and the WCAstructure factor obtained using

Eq. (5).

As expected the large k behaviour is adequately described by

interionic repulsions. The best results were obtained when the full

"repulsive force" portion of the potential is used (R = 3.824 A).

Fig. 1 the experimental ~(k) is reproduced from the second minimum

outwards. The effect of the Friedel Oscillations is noticeable in the

vicinity of the first two peaks which are shifted slightly to the left.

A further point worth noting is that Eq. (17) should be at its worst

for intermediate k values due to large oscillations in B(k). This is

a possible source of error in the first two peaks. However the JA

error parameter (see ref. [17]) E in this case is .23 which is inside.

the permissible limits estimated by Jacobs and Andersen and our S(k)

should be reasonable representation of the structure produced by the

f\
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repulsive potential in Eq. (3b). We note that the spurious behaviour

of the WCAcurve in the form of a dip at low k is not present in the

JA curve. At larger k the two curves coincide as expected, both

converging to S (k).sc For decreasing R the structure when compared

with experiment becomes increasingly worse (Figs. 2 and 3). Both the

phase and amplitude are in error to quite a marked extent even though

the values of the JA parameter E are small indicating that our S(k)

is accurate for the repulsive part of the potential. This concurs

with the observation that the Weeks, Chandler, Andersen split of the

potential, using all the repulsive force part as the reference system,

leads to a more rapidly convergent perturbation theory.

ACK.t\!OWLEDGE~1ENTS

The authors gratefully acknowledge the Australian Research Grants

Commission (ARGC) and the Co~~onwealth Scientific and Industrial

Research Organization (CSIRO, Australia) for financial support of this

research. Peter Cummings also acknowledges the National Science

Foundation and the Donors of the Petroleum Research Foundation, admin-

istered by the American Chemical Society, for support eluring the corn-

pletion of this work. Helpful discussions with P. A. Egelstaff, B, C.

Freasier and G, Stell are gratefully acknowledged.

\ ,
\

\
\

-_.~-~-~_._"'._----..._--



REFERENCES

1. N. M. March, Liquid Metals (Pergamon Press, Oxford, 1968).

2.
W. A. !farrison, Pseudopotentials in the Theory of Metals

(Benjamln, New York, 1966).

3. R. Kumaravadivel and R. Evans, J. I'hys. C 2. (1976) 3877.

4. R. D. ~1ountain and S. W. Haan, J. Res. Nat. Bur. Stand. 84

(1979) 439.

5. D. Schiff in The Properties of Liquid Metals, ed. S. Takeuchi

(Taylor and Francis, Lendon, 1973) p. 57ff.

6. J. p. rlansen and D. Scr,iff, Molec. phys. ~ (1973) 1281.

A. Rahman, Phys. Rev. Letts. 32 (1974) 52; Phys. Rev. A 9 (1974)
7.

1667.

8. S. W. Haan, R. D. Mountain, C. S. Hsu and A. Rahman, .Phys. Rev. A

~ (1980) 767.

9. D. L. Price, Phys. Rev. A! (1971) 353; D. L. Price, K. S. Singwi

and M. P. Tosi, Phys. Rev. B ~ (1976) 2983.

10. J. R. D. Copley and J. M. Rowe, I'hys. Rev. Letts. 32 (1974) 49;

11.

Phys.Rev. A 2. (1974) 1656.

D. Levesque, L. Ver1et and J. Kurkijani, Phys. Rev. A ~ (1973)

1690.

12. H. Bell '" H. Moeller-Wenghoffer, A. Kollmar, R. Stockmeyer, T.

Springer and H. Stiller, Phys. Rev. A ~ (1975) 316.

13. H. C. Andersen, D. Chandler and J. D. Weeks, Adv. Chern. Phys.

34 (1976) 105.

10 11

14. J. D. Weeks, D. Chandler and H. C. Andersen, J. Chern. I'hys. 54

(1971) 5237; 55 (1972) 5422.

15. C. C. Wright and J. \'I.Perram, Chern. I'hys. Letts. 66 (1979) 274.

16.
R. D. Murphy and M. L. Klein, Phys. Rev. A ~ (1973) 2640.

R. E. Jacobs and H. C. Andersen, Chern. Phys. ~ (1975) 73.17.

18. A. J. Greenfield, J. Wellendorf and N.' Wiser, Phys. Rev. A 4

(1971) 1607.

\

""""""'-'~,.'--"-'~"~'- .-'O'"--'-""~~~'-"-:~'--~'" '..

\



TABLE I

Reference system parameters for the repulsive part of the liquid

sodium potential [16] at 100°C. The large values of n reported

should not be regarded as unphysical; they do not correspond to

the usual definition of reduced density, since the scaling here

is with respect to R, the position of the first peak in gsc(r).

12

Figure 1.

Figure 2.

Figure 3.

1:;

FIGURE CAPTIONS

The structure factor for liquid Na at 100°C calculated

using equation (14) with R = 3.824 ~. The crosses are

taken from the experimental data of Greenfield, et al.

[18] . The squares arc the WCA pts, Eq. (5).

As for Fig. 1 with R = 3.5 ~.

As for Fig. 1 with R = 3.325 A.

\
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R ($.)
7T 3

A E = max[pB(k)]11 =- pR CI.
{:;

3.824 0,7015 0.3013 7,29 0.23

3.5 0.538 0.2056 12.1 0.08

3.325 0.4613 0.138 19.4 0.02
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